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Applications of Axial and Radial
Compressor Dynamic System Modeling
by
Zoltin S. Spakovszky
Submitted to the Department of Aeronautics and Astronauticson December 22, 2000,
in partial fulfillment of the requirements for the degree of Doctor of Philosophy
Abstract
The presented work is a compilation of four different projects related to axial and centrifugal compression
systems. The projects are related by the underlying dynamic system modeling approach that is common in
all of them. Two types of models are introduced, suitable for modeling the dynamic behavior of axial and
centrifugal compression systems: a compact single semi-actuator disk model, Model I, and a new modular
multi semi-actuator disk model, Model II.
The first project analyzes aerodynamically induced whirling forces in axial-flow compressors and a new
unsteady low order model is introduced to predict the destabilizing whirling forces. The model consists of
two parts: compressor Model I with the effect of tip-clearance induced distortion, and an aerodynamically
induced force model. The modeling results are compared to experimental data obtained from the GE
Aircraft Engines test program on compressor whirl. Previously outstanding whirl-instability issues are
resolved, including prediction of the direction and magnitude of rotor whirl-inducing forces; such issues are
important in the design of modern axial-flow compressors. Additional insight is gained from the model on
the effects of forced rotor whirl. In particular, a non-dimensional parameter is deduced that determines the
direction of rotor whirl tendency in both compressors and turbines due to tangential blade loading forces.
The second project is a first-of-a-kind feasibility study of an active stall control experiment with a mag-
netic bearing servo-actuator in the NASA Glenn high-speed single-stage compressor test facility. Together
with CFD and experimental data the tip-clearance sensitive compressor Model I was used in a stochastic
estimation and control analysis to determine the required magnetic bearing performance for compressor
stall control. A magnetic bearing servo-actuator was designed that fulfilled the performance specifications,
setting a milestone in magnetic bearing development for aero-engine applications. Control laws were then
developed to stabilize the compressor shaft. In a second control loop, a constant gain controller was imple-
mented to stabilize rotating stall. A detailed closed loop simulation at 100% corrected design speed resulted
in a 2.3% reduction of stalling mass flow which is comparable to results obtained in the same compressor
using unsteady air injection.
The third project is the investigation of unsteady impeller-diffuser interaction effects on compressor
stability. First, the unsteady blade-row interaction in axial compressors is analyzed using Model II. The
results reveal a new signature of pre-stall waves that travel backward, altering the system dynamics when
rotor and stator are moderately coupled. The physical mechanism for this behavior is explained from first
principles and a coupling criterion is presented. The theory is then applied to centrifugal compressors and
in particular to the NASA CC3 high-speed centrifugal compressor, in which experiments are conducted to
verify the model predictions. The measurements show the predicted behavior and confirm the existence of
backward traveling stall pre-cursors.
The fourth project is an experimental demonstration of stability enhancement in the NASA CC3 high-
speed centrifugal compressor with air injection. Based on model predictions an air injection scheme in
between the impeller and the vaned diffuser of the centrifugal compressor is designed and tested. The
mechanism of surge inception in this machine is explained and the injection results show an increase of 25%
in surge-margin with an injection mass flow of 0.5% of the compressor design mass flow.
Thesis Supervisor: James D. Paduano
Title: Principal Research Engineer, Ph.D.
3
4
a drdga sziileimnek, is az iletem szerelminek
- az ides picikimnek
6
Acknowledgments
Throughout the course of my appointments at MIT's Gas Turbine Laboratory, starting as a visiting research
engineer, I had the opportunity to meet and to interact with many different people from various organiza-
tions, both in industry and in academia. Without this great experience and the support and encouragement
of many people, I would not have arrived at this position and stage of my life.
At MIT, I am greatly indebted to the members of my committee and all the people who were of great
help during my projects. I would like to thank Dr. Jim Paduano for his tremendous support and for the
best teamwork, Dr. Fred Ehrich for all his advice as an expert on rotordynamics, Dr. Gerald Guenette
for the greatest ideas whenever an experiment had to be designed and Prof. Eric Feron for his insightful
discussions on control related issues. I wish to thank Professor Ed Greitzer for being an invaluably inspiring
mentor and for always challenging me to think "deeper". I am also greatly indebted to Professor Alan
Epstein for being always interested and supportive and for giving me the initial opportunity to do research
at the Gas Turbine Laboratory. I would like to thank Ammar, Ken, Shengfang and Yifang for the very
helpful discussions and Victor and Jimmy for their help at the machine shop. Many thanks go also to Lori
for all her help and for making GTL "workable" and a place with soul. Special thanks go to my best friends
on whom I can always count and with whom I share a unique friendship: Adam, Amit, Chris, Constantine,
Erik, Luc, and Rory - guys, we will make it happen!
At the Whittle Laboratory, I would like to thank Professor Nick Cumpsty for the most inspiring discus-
sions and Dr. Tom Hynes for his insightful comments and for sharing data with me. At Caltech, I wish
to thank Professor Frank Marble for the very helpful discussions and for always shedding a different light
on things. Many thanks go also to Professor Luis San Andres at Texas A&M for his input and expertise
on squeeze film dampers, and to Professor Seung-Jin Song at Seoul National University for sharing data
with me. At ETH Zurich, I wish to thank all my friends at the turbomachinery laboratory, Andy, Chris-
tian, Dirk, Ernesto, H6lene and Andr6, Joey, Michael and Pascal, and Professor Gyarmathy to whom my
personal admiration goes. I would like to thank my best buddies Damian ("Digge") at the Royal Institute
of Technology in Stockholm for sharing views on engineering and philosophy, Michael ("Jesse") at Swissair
Technics, and Jens and Steff for all the great times we had and the times to come.
At the NASA Glenn Research Center, I am most greatly indebted to Dr. Tony Strazisar and Dr.
Michelle Bright. I would like to thank them for their support and encouragement and for sharing many great
experiences as the "three kuchinas" during the various projects at NASA and at Allied Signal Aerospace.
I also wish to thank Gary Skoch and Jerry Wood for the very interesting discussions and for their help
on the CC3 project. Special thanks go to the crew in CE-18: Tony Zaldana and Tom Jett for getting the
rig up and running, Scott Panko and Harry Fuller for making sure (not) all Kulites, amps and filters were
working, and Mark Stevens for the most amazing technical design drawings that made it possible to fit all
instrumentation on the rig. Many thanks go also to Ken Suder, Michael Hathaway, Dale Van Zante, Sue
Prahst, Don Simon, Scott Thorp, Al Kascak, Gerald Brown, Julius Giriunas, Ralph Jansen, Rick Brokopp
7
and Dave ("Willy") Williams.
At Pratt & Whitney, I am most grateful to Dr. Om Sharma with whom my journey to the United States
all began. His interest and trust made it possible for me to reach higher grounds. I also would like to thank
Dr. Jeff Gertz and Urs Glarner for their friendship and all the great times at Pratt and at Swissair.
At GE Aircraft Engines, I wish to thank Dr. Dave Wisler for his support and for giving me the
opportunity to work on the GE compressor whirl project. Many thanks go also to Dr. Hyoun-Woo Shin,
Al Storace and Brent Beacher for collecting and sharing data with me.
At MECOS Traxler AG, I am greatly indebted to Dr. Alfons Traxler and Dr. Ren6 Larsonneur for their
invaluable help in the final design of the MB actuator and from whom I have learned so much more about
magnetic bearings.
At Scientific Systems Company Inc., I would like to thank Dr. Chris van Schalkwyk for the many great
discussions on system identification and for sharing software with me.
Finally I am most grateful to my parents and my brother for their love and personal support and for
always encouraging me to go my own ways. All my love goes to Wiebke with whom I share my entire heart
and soul, and who turned my life into an eternal dream - 6des kicsi-mamdm, 6des apdm, Sdndi 6s picik6m
- k6szdn6m sz6pen!
This research was conducted under NASA grant NAG3-1457, Dr. M. Bright program manager. This
support is gratefully acknowledged.
8
9
10
Contents
Abstract 3
Acknowledgements 7
List of Figures 21
List of Tables 23
Nomenclature 25
1 Introduction 33
1.1 Thesis O verview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2 Dynamic Compression System Modeling 39
2.1 Compression System Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.2 Model I: Compact Single-Actuator Disk Approach . . . . . . . . . . . . . . . . . . . . . . . 41
2.2.1 Calculation of the Steady Flow Field . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.2.2 Unsteady, Small Amplitude Flow Perturbations: State-Space Form of Model . . . . 43
2.3 Model II: New, Modular Multi-Actuator Disk Approach . . . . . . . . . . . . . . . . . . . . 49
2.3.1 Axial Duct Flow Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.3.2 Swirling Flow Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.3.3 Rotor/Impeller Actuator Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
2.3.4 Stator/Diffuser Actuator Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
2.3.5 Transmission Matrix Stacking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
2.3.6 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
2.3.7 The Eigenvalue Equation - A Dispersion Problem . . . . . . . . . . . . . . . . . . . . 70
2.4 Numerical Procedures for the Dispersion Problem . . . . . . . . . . . . . . . . . . . . . . . . 70
2.4.1 Graphical Procedure: The Contour Plot Method . . . . . . . . . . . . . . . . . . . . 70
2.4.2 Numerical Procedure: The Shot-Gun Method . . . . . . . . . . . . . . . . . . . . . . 71
2.5 Validation of M odel II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
11
2.5.1 Example I: Classical Moore-Greitzer Formulation . . .
2.5.2 Example II: Jet-Wake Type Flow Perturbations in a V
2.6 Sum m ary . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3 Analysis of Aerodynamically Induced Whirling Forces in )
3.1 Introduction and Background . . . . . . . . . . . . . . . . . .
3.2 Research Questions . . . . . . . . . . . . . . . . . . . . . . . .
3.3 GE Aircraft Engines Experimental Program On Compressor
3.3.1 GE Low Speed Research Compressor (LSRC) . . . . .
3.3.2 Tip-Clearance Conditions . . . . . . . . . . . .
3.3.3 LSRC Instrumentation and Data Reduction . .
3.4 Modeling Approach . . . . . . . . . . . . . . . . . . . .
3.4.1 Unsteady Compressor Tip-Clearance Model I .
3.4.2 Aerodynamically Induced Force Model . . . . .
3.5 Analysis of Experimental Results . . . . . . . . . . . .
3.5.1 Importance of the Alford # Parameter . . . . .
3.5.2 Blade Loading Indicator Parameter . . . . . . .
3.5.3 Effects of Spool Pressure Loading . . . . . . . .
3.5.4 Effects of Forced Shaft Whirl . . . . . . . . . .
3.6 Conclusions and Summary . . . . . . . . . . . . . . . .
4 Tip-Clearance Actuation With Magnetic Bearings
Control
4.1 Background . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Research Questions . . . . . . . . . . . . . . . . . . . .
4.3 Organization of Chapter . . . . . . . . . . . . . . . . .
4.4 Axial Compressor Rig Specifications . . . . . . . . . .
4.5 Preliminary Analysis . . . . . . . . . . . . . . . . . . .
4.5.1 Simplified Rotordynamic Design and Analysis
4.5.2 Analysis of Tip-Clearance Control Authority
4.6 Design Requirements . . . . . . . . . . . . . . . . . . .
4.7 Magnetic Bearing Servo-Actuator Design . . . . . . .
4.7.1 Electro-Magnetic Actuator Analysis . . . . . .
4.7.2 Overall Dynamic System Analysis - Achievable
4.7.3 Heat Loss and Cooling Analysis . . . . . . . . .
4.8 Closed Loop Stall Control Simulation . . . . . . . . .
4.9 Summary and Concluding Remarks . . . . . . . . . . .
aneless Diffuser . . . . . . . .
Axial
Vhirl
Compressors
73
76
79
81
81
83
84
84
85
85
87
87
89
92
92
93
96
99
102
For High-Speed Compressor Stall
105
. . . . . 105
. . . . . 106
. . . . . 106
. . . . . 107
. . . . . 109
. . . . . 109
. . . . . 118
. . . . . 127
. . . . . 128
. . . . . 128
. . . . . 131
. . . . . 134
. . . . . 135
. . . . . 136
12
Whirl Radii
5 Analysis of Unsteady Impeller-Diffuser Interaction Effects on Compressor Stability
5.1 Background .......... .............................................
5.2 Research Questions and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.3 Organization of Chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.4 Analysis of Unsteady Blade-Row Interaction Effects on Axial Compressor System Stability
5.4.1 Pre-Stall Modes in an Isolated Stator Blade-Row . . . . . . . . . . . . . . . . . . . .
5.4.2 Pre-Stall Modes in an Isolated Rotor Blade-Row . . . . . . . . . . . . . . . . . . . .
5.4.3 Pre-Stall Modes in Interacting Rotor-Stator Blade-Rows . . . . . . . . . . . . . . . .
5.5 Physical Mechanism For Blade-Row Interaction Effects on Compressor System Stability . .
5.5.1 First Principles Approach for Backward Traveling Pre-Stall Waves . . . . . . . . . .
5.5.2 Physics Underlying the Strong Interaction Regime . . .
5.5.3 Physics Underlying the Moderate Interaction Regime . .
5.5.4 Physics Underlying the Weak Interaction Regime . . . .
5.6 Impeller-Diffuser Interaction Effects on Centrifugal Compressor
P redictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6.1 NASA CC3 High-Speed Centrifugal Compressor . . . .
5.6.2 Model II Implementation . . . . . . . . . . . . . . . . .
5.6.3 Model II Predictions . . . . . . . . . . . . . . . . . . . .
5.6.4 Model II Based Design of Diffuser Air Injection Nozzles
5.7 Experimental Validation of Model II Predictions . . . . . . . .
5.8 Implications of Unsteady Blade-Row Interaction Effects . . . .
5.8.1 Compressor Design for Enhanced Operational Stability
5.8.2 Turbomachinery Noise - Aero-Acoustics . . . . . . . . .
5.9 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . .
6 High-Speed Centrifugal Compressor Stability Enhanceme
tion
6.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2 Research Questions and Objectives . . . . . . . . . . . . . . . .
6.3 Organization of Chapter . . . . . . . . . . . . . . . . . . . . . .
6.4 Experimental Setup and Test Facility . . . . . . . . . . . . . .
6.4.1 Test Facility Overview . . . . . . . . . . . . . . . . . . .
6.4.2 NASA CC3 High-Speed Centrifugal Compressor . . . .
6.4.3 Air Injection Actuation and Instrumentation . . . . . .
6.4.4 Data Acquisition . . . . . . . . . . . . . . . . . . . . . .
6.5 Mechanism of Surge Inception in the NASA CC3 High-Speed C
139
139
141
141
142
142
144
146
151
155
161
162
164
System Stability: Model II
. . . . . . . . . . . . . . . 16 4
. . . . . . . . . . . . . . . 16 4
. . . . . . . . . . . . . . . 16 5
. . . . . . . . . . . . . . . 16 8
. . . . . . . . . . . . . . . 17 0
. . . . . . . . . . . . . . . 1 7 2
. . . . . . . . . . . . . . . 17 6
. . . . . . . . . . . . . . . 1 7 6
. . . . . . . . . . . . . . . 1 78
. . . . . . . . . . . . . . . 1 79
Using Diffuser Air Injec-
181
. . . . . . . . . . . . . . . . 181
. . . . . . . . . . . . . . . . 182
. . . . . . . . . . . . . . . . 183
. . . . . . . . . . . . . . . . 183
. . . . . . . . . . . . . . . . 183
. . . . . . . . . . . . . . . . 185
. . . . . . . . . . . . . . . . 185
. . . . . . . . . . . . . . . . 189
entrifugal Compressor . . . 189
6.5.1 Unsteady Compressor Pre-Stall Behavior at 80% Speed . . . . . . . . . . . . . .
13
189
nt
6.5.2 Unsteady Compressor Pre-Stall Behavior at 100% Speed . . . . . . . . . . . . . . . . 195
6.5.3 Mechanism of Surge Inception . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
6.5.4 Pathology of Surge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
6.6 Baseline Steady-State Compressor Performance . . . . . . . . . . . . . . . . . . . . . . . . . 203
6.6.1 Vaned Diffuser Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
6.7 Steady Air Injection Results With Vaneless Space Nozzles . . . . . . . . . . . . . . . . . . . 207
6.7.1 Effects of Air Injection in the Vaneless Space on Impeller and Diffuser Performance. 213
6.8 Steady Air Injection Results With Diffuser Passage and Diffuser Vane Nozzles . . . . . . . . 215
6.8.1 Diffuser Passage Nozzles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
6.8.2 Diffuser Vane Nozzles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
6.9 Steady Air Injection Results With Impeller Inlet Nozzles . . . . . . . . . . . . . . . . . . . . 218
6.10 Viability Assessment of Vaneless Space Injection in Working Engine Environments . . . . . 222
6.10.1 Stability Enhancement with Increased Impeller Tip-Clearance . . . . . . . . . . . . . 222
6.10.2 Stability Enhancement with Reduced Number of Vaneless Space Air Injectors . . . . 223
6.10.3 Recovery From Fully Developed Surge With Air Injection . . . . . . . . . . . . . . . 225
6.11 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
6.12 Future Work: Recommendations For Active Surge Control . . . . . . . . . . . . . . . . . . . 228
6.12.1 1-D Sound Attenuation Using Single Channel Feedforward Control . . . . . . . . . . 228
6.12.2 A Feedforward Active Surge Control Scheme Using Adaptive Digital FIR Filters 232
7 Summary and Contributions of the Thesis 235
7.1 Summary and Conclusions of the Projects . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
7.2 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
A Matlab Codes 241
A.1 Transmission M atrix Tax,n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
A.2 Transmission M atrix Trad,n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242
A .3 Radial Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
A.4 Model II of NASA CC3 Compressor: Main Routine Using Shot-Gun Method . . . . . . . . 244
A.5 Model II of NASA CC3 Compressor: Main Routine Using Contour Plot Method . . . . . . 247
B Adaptive Digital FIR Filter 251
Bibliography 255
14
List of Figures
2-1 Axial-centrifugal compression system: the GE (formerly Honeywell, formerly Allied Signal, formerly
Textron, formerly Avco and formerly Lycoming) T55 L-5 core engine. . . . . . . . . . . . . . .
2-2 Modeled components of compact model formulation. . . . . . . . . . . . . . . . . . . . . . . .
2-3 Compression system model with air injection actuation. . . . . . . . . . . . . . . . . . . . . . .
2-4 Unsteady compressor blade tip-clearance due to geometrical non-uniformities and shaft whirl. . .
2-5
2-6
2-7
2-8
2-9
2-10
2-11
2-12
2-13
2-14
2-15
Free vortex mean flow for - = 5 with zero net rotation such that = 0. . . . . . . . . . . .
Actuator disk model for an axial rotor blade row. . . . . . . . . . . . . . . . . . . . . . . . . .
Actuator disk model for a radial impeller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Actuator disk model for an axial stator blade row . . . . . . . . . . . . . . . . . . . . . . . . .
Actuator disk model for a radial vaned diffuser. . . . . . . . . . . . . . . . . . . . . . . . . . .
Actuator disk model for a radial vaneless diffuser. . . . . . . . . . . . . . . . . . . . . . . . . .
Single-stage axial compressor model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Contour plot m ethod. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Shot-gun m ethod. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Classical Moore-Greitzer model approach for a generic axial compressor. . . . . . . . . . . . . .
Classical Moore-Greitzer formulation for a generic axial compressor: analytical solution (o), shot-
gun method solution (+) and contour plot method solution using Model 11 for spatial harmonics
1, 2 and 3........... ...............................................
2-16 Schematic of vaneless diffuser with jet-wake flow non-uniformity. . . . . . . . . . . . . . . . . .
2-17 Model il results: behavior of fundamental flow disturbances (n = 20) in vaneless diffuser for
Q = 0.215 and I = 0.7032. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2-18 Top: magnitude of radial and relative tangential velocity perturbations; bottom: phase difference
between radial and relative tangential velocity perturbations . . . . . . . . . . . . . . . . . . . .
3-1
3-2
3-3
Aerodynamically induced forces on a compressor rotor. . . . . . . . . . . . . . . . . . . . . . .
GE Aircraft Engines Low Speed Research Compressor .. . . . . . . . . . . . . . . . . . . . . . .
Cross section of the GE LSRC test compressor stage. . . . . . . . . . . . . . . . . . . . . . . .
15
3-4 Experimentally measured unsteady static pressure difference on the rotor blade surface for a shaft
offset of AE = 1.66%, time instant of minimum clearance ([181). . . . . . . . . . . . . . . . . . 86
3-5 Tip-clearance compressor model overview. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
3-6 LSRC compressor characteristics for two axisymmetric tip-clearance levels and compressor perfor-
mance for a steady shaft offset of Ae = 0.7%: experimental measurements and model prediction. 88
3-7 Definition of reference frames: rotor frame (x", y"), rotating asymmetry frame (x', y') and abso-
lute fram e (x, y). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3-8 Unsteady momentum control volume analysis locked to rotor frame. . . . . . . . . . . . . . . . 90
3-9 Experimental prediction and model results of the Alford # parameter for the GE LSRC compressor. 92
3-10 Simplified blade loading analysis for compressors and turbines. . . . . . . . . . . . . . . . . . . 93
3-11 Simplified whirl analysis of the GE LSRC compressor. . . . . . . . . . . . . . . . . . . . . . . . 95
3-12 Circumferential static pressure distribution obtained from the model at mid-span and a rough
experimental estimate of the passage pressure non-uniformity. . . . . . . . . . . . . . . . . . . 97
3-13 Spool loading parameter 3spool for the GE LSRC compressor. . . . . . . . . . . . . . . . . . . . 98
3-14 Effect of flow inertia on rotor forces due to spool pressure loading. . . . . . . . . . . . . . . . . 99
3-15 Compressor flow field with inertia effects included (solid) and inertia effects neglected (dashed)
for a given tip-clearance distribution &e (dotted). . . . . . . . . . . . . . . . . . . . . . . . . . 99
3-16 Alford 0 parameter and spool loading parameter 3 spool for forced rotor whirl. . . . . . . . . . . 100
3-17 Magnitude and phase of fundamental wave form of flow coefficient (solid) and non-dimensional
spool pressure (dash) for # = 0.391. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
4-1 Active tip-clearance stall control concept. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4-2 Design process for an axial compressor magnetic bearing system. . . . . . . . . . . . . . . . . . 107
4-3 NASA Glenn high-speed single stage compressor test facility. . . . . . . . . . . . . . . . . . . . 108
4-4 Preliminary magnetic bearing compressor rotor and corresponding lumped parameter model. . . 109
4-5 T hin rigid disk m odel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
4-6 Transverse deformation of a flexible shaft segment. . . . . . . . . . . . . . . . . . . . . . . . . 111
4-7 Flexible uniform shaft segment with distributed mass. . . . . . . . . . . . . . . . . . . . . . . . 113
4-8 Integral Squeeze Film Damper (ISFD) with flexure pivot tilting pad journal bearing (courtesy of
Texas A & M ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4-9 Preliminary open loop rotor model eigenvalues: forward whirling (+), backward whirling (x). . . 117
4-10 Transfer function Grotor(s) from magnetic bearing force input 6 fb to blade tip deflection &. . . 117
4-11 Computed compressor rotor mode shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4-12 Closed loop magnetic bearing compressor system for stall control. . . . . . . . . . . . . . . . . 119
4-13 Model I approach with tip-clearance and air injection actuation. . . . . . . . . . . . . . . . . . 120
4-14 C-coil electro-m agnet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4-15 Radial magnetic bearing with differential current control. . . . . . . . . . . . . . . . . . . . . . 121
16
4-16 Preliminary magnetic bearing servo-actuator performance: transfer function AMB(S) from com-
manded blade deflection 6c to actual blade deflection &e. . . . . . . . . . . . . . . . . . . . . . 123
4-17 Spectral analysis of open loop pre-stall pressure perturbations (experiment by Weigl et al. [96])
and of open loop compressor Model I. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
4-18 Open loop compressor dynamics (x) and closed loop poles with constant gain control (+). . . . 125
4-19 Maximum static magnetic force per C-coil pair of a 16 pole configuration. . . . . . . . . . . . . 128
4-20 Pole configuration with rotor laminations and dimensions of magnetic bearing servo-actuator ([48]).129
4-21 Campbell diagram of magnetic bearing servo-actuator obtained from finite element rotordynamic
model ([48]). Forward and backward whirling modes are marked solid and dashed respectively. . 132
4-22 Left: current-force characteristic of magnetic bearing servo-actuator and operating locus; right:
achievable whirl radii at several shaft locations and amplifier operation limits ([48]) . . . . . . . 133
4-23 Detailed design layout of magnetic bearing servo-actuator and facility interfacing ([48]). . . . . 135
4-24 Simulated NASA Stage 37 compressor characteristic at design speed. The stall points with
magnetic bearing tip-clearance actuation and no control are marked with (o) and (*) respectively. 136
5-1 Isolated stator blade-row with upstream swirl. . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
5-2 Isolated rotor blade-row with exit swirl. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
5-3 Interacting rotor and stator blade-rows. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5-4 Rotor-stator system eigenvalues for a non-dimensional blade-row spacing of Ax = 0.3. The
spatial harmonics are numbered next to the modes. . . . . . . . . . . . . . . . . . . . . . . . . 148
5-5 System eigenvalues for an isolated rotor blade-row (squares), an isolated stator blade-row (dia-
monds) and a closely coupled rotor-stator system (stars) with Ax = 0. . . . . . . . . . . . . . . 149
5-6 Motion of third harmonic (n = 3) system eigenvalues of interacting rotor-stator system for variable
inter-blade row spacing Ax = 0..1 and analytical solutions for limiting cases: Moore-Greitzer
solution (star), isolated rotor (square) and isolated stator solution (diamond). . . . . . . . . . . 150
5-7 Bifurcation-like diagram for third harmonic (n = 3) system eigenvalue of interacting rotor-stator
system for variable inter-blade row spacing Ax = 0.1. . . . . . . . . . . . . . . . . . . . . . . 151
5-8 Thought experiment: device with unknown properties yielding backward traveling system mode. 152
5-9 Four-dimensional domain [r, P, ZR, ZI] where device properties are such that the backward trav-
eling wave s = -0.22 - j(-0.17) exists. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
5-10 Mode shapes of axial velocity perturbation (a) and static pressure perturbation (b) for third
harmonic system mode s = -0.22 - j(-0.17) from Model 11. . . . . . . . . . . . . . . . . . . . 154
5-11 Wave system for interacting rotor and stator blade-rows. . . . . . . . . . . . . . . . . . . . . . 155
5-12 Gain and phase relation between pressure perturbation 1 1 impinging on rotor and generated
vorticity ( . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
5-13 Gain and phase relation between vorticity perturbation 6 impinging on stator and reflected pres-
sure perturbation P 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
17
5-14 Gain and phase matching of pressure perturbation transmitted through rotor '2r""' (dash) and
pressure perturbation reflected from stator face pref2 (solid) at a negative frequency of w
-0.24. Third harmonic (n = 3) pressure perturbations at x = 0 for rotor-stator spacing of
Ax = 0.433. ........... ............................................ 161
5-15 NASA CC3 high-speed centrifugal compressor. . . . . . . . . . . . . . . . . . . . . . . . . . . 165
5-16 NASA CC3 impeller and diffuser loss characteristics. . . . . . . . . . . . . . . . . . . . . . . . 167
5-17 1st through 6th harmonic system modes of NASA CC3 centrifugal compressor for an operating
point close to stall. Contour plot method for n = 1 is marked as solid and lightly dashed lines. . 168
5-18 Energy function for first through fourth harmonic eigenvalues marked as diamonds in Figure 5-17. 169
5-19 Motion of system modes when compressor is throttled into stall (eigenvalues for the two operating
points shown on characteristic). Impeller modes are marked as squares and diffuser modes are
marked as open diamonds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
5-20 Nozzle configurations for diffuser injection: (a) vaneless space nozzle (Model 11 based design),
(b) diffuser vane nozzle and (c) diffuser passage nozzle. . . . . . . . . . . . . . . . . . . . . . . 171
5-21 Unsteady pressure traces in the vaneless space during a stall ramp at 80% corrected design speed,
solid shroud (no injection). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
5-22 Unsteady pressure traces in the vaneless space during a stall ramp at 100% corrected design speed,
solid shroud (no injection). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
5-23 Unsteady pressure signals during a stall ramp at 80% corrected design speed. Pressure traces at
impeller inlet, in the vaneless space, at the diffuser throat and in the diffuser passage at mid chord.174
5-24 Diffuser static pressure rise and slope of static pressure rise at 80% corrected design speed for vari-
ous injection schemes: no injection (circles), diffuser injection using tangential nozzles (diamonds)
and im peller injection (squares). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
5-25 Unsteady pressure traces in the vaneless space during stall ramps at 80% corrected design speed
with (a) diffuser injection using tangential nozzles (diamonds in Figure 5-24) and impeller injection
(squares in Figure 5-24). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
5-26 Snapshot from an unsteady 2-dimensional Euler calculation in a commercial fan stage. Rotor
blades move to the left and a 3rd harmonic static pressure wave in the axial gap propagates to
the right against the direction of rotor rotation (courtesy of Hynes [40]). . . . . . . . . . . . . . 178
6-1 NASA Glenn Research Center's CE-18 high-speed centrifugal compressor test facility. . . . . . . 183
6-2 Test section showing air injection supply, impeller casing and diffuser shroud with air injector
actuators and Kulite sensors (top). Cross section of CC3 centrifugal compressor depicting impeller
and diffuser injection schemes (bottom). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
6-3 Impeller injection scheme (front view of impeller casing and diffuser shroud). . . . . . . . . . . 186
6-4 Three different diffuser nozzle types: diffuser passage nozzle, diffuser vane nozzle and vaneless
space nozzle................. ...................................... 187
18
6-5 Diffuser injection scheme and Kulite instrumentation (front view of vaned diffuser) shown with 8
vaneless space nozzles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
6-6 Impeller inlet Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd,
3rd and 4th spatial harmonic pressure perturbations during a stall ramp at 80% corrected design
speed. ........... ................................................ 190
6-7 Vaneless space Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st,
2nd, 3rd and 4th spatial harmonic pressure perturbations during a stall ramp at 80% corrected
design speed. ........... ............................................ 192
6-8 Diffuser throat Kulites: unsteady pressures traces and corresponding spectrograms of Oth spatial
harmonic pressure perturbations during a stall ramp at 80% corrected design speed. . . . . . . . 193
6-9 Harmonic content of traveling energy of the first four pre-stall modes at impeller inlet, vaneless
space and diffuser throat at 80% corrected design speed. . . . . . . . . . . . . . . . . . . . . . 194
6-10 Impeller inlet Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd,
3rd and 4th spatial harmonic pressure perturbations during a stall ramp at 100% corrected design
speed. ........... ................................................ 196
6-11 Vaneless space Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st,
2nd, 3rd and 4th spatial harmonic pressure perturbations during a stall ramp at 100% corrected
design speed. ........... ............................................ 197
6-12 Diffuser throat Kulites: unsteady pressures traces and corresponding spectrograms of Oth spatial
harmonic pressure perturbations during a stall ramp at 100% corrected design speed. . . . . . . 198
6-13 Harmonic content of traveling energy of the first four pre-stall modes at impeller inlet, vaneless
space and diffuser throat at 100% corrected design speed. . . . . . . . . . . . . . . . . . . . . 198
6-14 Pressure traces at impeller inlet, in the vaneless space, at the diffuser throat and in the diffuser
passage along the path into instability at 80% corrected design speed (left) and at 100% corrected
design speed (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
6-15 "Classic surge": pressure traces in the vaneless space at 80% corrected design speed. . . . . . . 201
6-16 Pressure traces at impeller inlet, in the vaneless space, at the diffuser throat and in the diffuser
passage during a surge cycle at 80% corrected design speed (left) and closer view of phases A, B
and C (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
6-17 NASA CC3 centrifugal compressor map with speed lines at 80% and 100% corrected design speed
and impeller total-to-static pressure ratio characteristics at the same speeds . . . . . . . . . . . 203
6-18 Overall diffuser performance at a) 80% corrected design speed, and b) 100% corrected design
speed and static pressure rise of its sub-components such as vaneless space, semi-vaneless space
and diffuser passage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
6-19 Area ratio effect in the semi-vaneless space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
19
6-20 Speed lines at 80% and 100% corrected design speed with vaneless space injectors (diamonds)
and no injectors (circles). A total steady injector mass flow of 0.5% of the compressor design
mass flow yields and increase in surge-margin of 23% at part speed and 27% at design speed
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
6-21 Vaneless space injectors: overall diffuser performance at a) 80% corrected design speed, and
b) 100% corrected design speed and static pressure rise of its sub-components such as vaneless
space, semi-vaneless space and diffuser passage. . . . . . . . . . . . . . . . . . . . . . . . . . . 209
6-22 Impeller total-to-static pressure ratio with no injection (circles) and with vaneless space injection
(diamonds) for 80% and 100% corrected design speed . . . . . . . . . . . . . . . . . . . . . . . 210
6-23 Pressure traces in the vaneless space during a stall ramp with air injection in the vaneless space
at 100% corrected design speed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
6-24 Impeller inlet Kulites with air injection in the vaneless space: unsteady pressures traces and
corresponding spectrograms of Oth, 1st, 2nd, 3rd and 4th spatial harmonic pressure perturbations
during a stall ramp at 100% corrected design speed. . . . . . . . . . . . . . . . . . . . . . . . . 212
6-25 Velocity triangles at the impeller exit near the diffuser shroud (solid) and near the diffuser hub
(dash). The air jet from the tangential injector nozzle is sketched as the dotted line. The vaneless
space is not to scale. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
6-26 Impeller total-to-static pressure ratio (left) and diffuser sub-component pressure rise at the hub
(center) and at the shroud (right) for no injection (white symbols) and injected mass flows of
0.8% (grey symbols) and 1.6% of compressor design mass flow (black symbols) at 100% corrected
design speed. ........... ............................................ 214
6-27 Diffuser sub-component pressure rise at the hub (left) and at the shroud (right) for no injection
(white) and an injected mass flow of 0.68% (grey) with diffuser passage nozzles at 100% corrected
design speed. ........... ............................................ 216
6-28 Diffuser sub-component pressure rise at the hub (left) and at the shroud (right) for no injection
(white) and an injected mass flow of 0.72% (grey) with diffuser vane nozzles at 100% corrected
design speed. ........... ............................................ 217
6-29 Speedlines at 80% and at 100% corrected design speed with no injection (circles) and using
impeller inlet injection (squares) with choked nozzles (1.43% injection mass flow at part speed
and 1.53% injection mass flow at design speed). . . . . . . . . . . . . . . . . . . . . . . . . . . 218
6-30 Impeller total-to-static pressure ratio with no injection (circles) and with impeller inlet injection
(diamonds: unchoked nozzles, squares: choked nozzles) for 80% and 100% corrected design speed.219
6-31 Impeller inlet injectors: overall diffuser performance at a) 80% corrected design speed, and b)
100% corrected design speed and static pressure rise of its sub-components such as vaneless
space, semi-vaneless space and diffuser passage with no injection (circles) and with impeller inlet
injection (diamonds: unchoked nozzles, squares: choked nozzles). . . . . . . . . . . . . . . . . 220
20
6-32 Summary of stability enhancement at 80% and at 100% corrected design speed using the vaneless
space nozzle configuration (diamonds), the diffuser vane (circles) and the diffuser passage nozzle
configuration (triangles) and the impeller inlet nozzle configuration (squares). . . . . . . . . . . 221
6-33 Effect of impeller exit tip-clearance on surge-margin and on stability enhancement at 80% and at
100% corrected design speed with vaneless space injectors. Design tip-clearance (2.4% of passage
height) is marked with circles and solid lines, increased tip-clearance (3.6% of passage height) is
marked with diamonds and dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
6-34 Summary of stability enhancement at 80% and at 100% corrected design speed using all 8 (di-
amonds) and a reduced number of vaneless space injectors: 6 injectors (squares), 4 injectors
(circles) and 4 asymmetrically arranged injectors (triangles). . . . . . . . . . . . . . . . . . . . 224
6-35 Recovery from fully developed surge with vaneless space air injection at 80% corrected design
speed and constant throttle setting. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
6-36 Sound attenuation in a pipe using single channel feedforward control: physical system (top) and
block diagram (bottom ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229
6-37 Simplification of block diagram in Figure 6-36 as a conventional least squares estimation problem. 229
6-38 Feedback cancellation scheme (left) and IIR filter approach (right). . . . . . . . . . . . . . . . . 230
6-39 FIR filter design problem (left) and block diagram of a LMS adaptive FIR filter (right). . . . . . 230
6-40 Feedforward active surge control scheme using adaptive digital FIR filters for one actuator and a
pair of adjacent Kulite pressure sensors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
21
22
List of Tables
3.1 Non-dimensional LSRC geometry and model input parameters. . . . . . . . . . . . . . . . . . . 87
3.2 LSRC blade row geometry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.3 Experimental results and Ab approach for the GE LSRC compressor and three axial flow com-
pressors reported in Ehrich [17]: backward whirl tendency for 4 < 4o, forward whirl tendency for
4 > 4,. * experimentally based predictions by Ehrich [17]. . . . . . . . . . . . . . . . . . . . . 96
3.4 Experimental result and Ab approach for the SSME liquid hydrogen turbopump 1st turbine stage. 96
4.1 Inertia properties of modeled elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
4.2 Support stiffness and damping coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4.3 Simulated and measured RMS of injector valve motion. . . . . . . . . . . . . . . . . . . . . . . 126
4.4 Optimized magnetic bearing servo-actuator design parameters ([48]). . . . . . . . . . . . . . . . 130
4.5 Total mechanical, electro-magnetic and aerodynamic losses at 286 Hz design speed ([48]). . . . 134
5.1 Generic rotor and stator geometry and performance. . . . . . . . . . . . . . . . . . . . . . . . . 147
5.2 NASA CC3 compressor flow path geometry, non-dimensionalized by impeller exit radius R 2. . . 166
5.3 NASA CC3 impeller and diffuser blade-row geometry and blade passage inertia. . . . . . . . . . 166
5.4 Model Il result compared to experimental measurements at 80% and 100% corrected design speed.173
6.1 Circumferential location of impeller injectors and impeller Kulite sensors (angles in direction of
rotation)................ ........................................ 186
6.2 Circumferential and radial location of diffuser injectors and Kulite sensors (angles in direction of
rotation)................ ........................................ 188
6.3 Normalized injector area, mass flow, Mach number and momentum for experiments with reduced
number of injectors at 80% corrected design speed (left) and at 100% corrected design speed
(right). *: for the 6 injector configuration the instrumented injector was shut off, and the mass
flow could only be estimated from the mass flow measurement upstream of the supply torus. . . 225
23
24
Nomenclature
roman
a speed of sound
A area
AR area-density ratio
a eccentricity
A, potential mode, pressure wave
a, A state-space matrix, actuator dynamics
b blade passage width
B Greitzer B-parameter, magnetic induction
B, potential mode, pressure wave
B unit circle
b, B state-space matrix
B transmission matrix
c chord
C damping coefficient, integration constant
C, vortical mode, vorticity wave
CD discharge coefficient
C state-space matrix
Ck target point
D damping matrix, state-space matrix
D diameter, differentiator gain
D, irrotational mode
DN DN number
dmb magnetic bearing damping coefficient
e,e error, error signal
EI bending modulus
EC exit conditions
25
E, irrotational mode
f, f loading, forcing vector
F force
F, rotational mode
f( mapping function
momentum flux
g gravitational acceleration
g, G gyroscopic matrix
GA shear modulus
G transfer function
h blade height, FIR filter coefficient
H magnetic field strength, controller transfer function
z, i index, current, current vector
I identity
IC initial conditions
I polar moment of inertia
Ia axial moment of inertia
Id diametral moment of inertia
j index, j = v-1
J value function
k constant, index
kmb magnetic bearing stiffness coefficient
Kro cross-coupled stiffness coefficient
Ki current stiffness
K, position stiffness
K stiffness matrix, controller transfer function
1 blade span
l,L length
L, L inductance, inductance matrix
m, m, M mass, mass matrix
rh mass flow
Ma Mach number
n harmonic number
n,N index
n surface normal
Nm number of main blades
26
Ns number of splitter blades
p, P pressure, non-dimensional pressure (p/pU2)
p pressure force
P proportional gain
P plant dynamics
q displacement vector
Q flow rate constant
Q, Q external force, external force vector
r coordinate, reference input
R mean wheel radius
R() radial function
R resistance matrix
s air gap, blade pitch
s Laplace variable (s = jo)
s stream-wise coordinate
Sm shot (shot-gun method)
SM surge-margin
t time, trailing edge blade thickness
T stage torque
T transmission matrix
u, u voltage, voltage vector
u input vector
U mean wheel speed
v, v absolute velocity, absolute velocity vector
V non-dimensional absolute velocity (v/U)
V eigenvector
V volume
w, w relative velocity, relative velocity vector
W non-dimensional relative velocity (w/U)
WLR width-to-length ratio
W magnetic energy, white noise intensity
x cartesian coordinate, state
x state vector
X transmission matrix
y cartesian coordinate
y,y output, output vector
27
Y transmission matrix
z cartesian coordinate
z position vector
greek
a absolute inlet swirl angle, precession angle
ai integration constant
a convergence coefficient
0 relative exit swirl angle, nutation angle, Alford parameter
/i integration constant
-y stagger angle, phase angle, ratio of specific heats
F circulation
f tip-clearance / span, shaft offset / span
e dimensionless shear compliance E = EI/(KGAL2 )
( vorticity (( = LOZ)
O circumferential angle
e magnetic flux
A eigenvalue, (rotor) blade row inertia
Ab blade loading indicator
P stator blade row inertia
Po magnetic permeability in vacuum
p contraction constant, convergence coefficient
v rotational frequency of asymmetry frame, whirl frequency
radial coordinate
7r total pressure ratio
p density
o- stage reaction
a, growth rate / rotor frequency
0-w slip (Wiesner's definition)
covariance
T non-dimensional time (T= tU/R), time lag, torque
<0 flow coefficient
<D velocity potential, spectrum
<P phase angle
28
x blade metal angle
0, Oh pressure rise, enthalpy rise (non-dimensionlized by pU 2 )
4, T stream function
W frequency
Wn rotation rate / rotor frequency
Q rotor frequency
w, w vorticity, vorticity vector
prefixes
A difference
6 perturbation
det determinant
E{} time average of ergodic process
L :,o Laplace transform
Im{} imaginary part
Re{} real part
superscripts
mean value
spatial Fourier coefficient
dimensional value
rotating asymmetry frame
rotor frame
b blade
comp compressor
dn downstream
index, impinging
isentropic
k index
reflected
spool
steady-state
29
transmitted
ts total-to-static
turb turbine
uP upstream
subscripts
a ambient, air gap
a, act actuator
ax axial
b bearing
c,c compressor
c cosine
ci closed loop
dif diffuser
ext external
fe ferromagnetic
g gravitational
gap inter-blade row gap
H Helmholtz
inj injection, injected
imp impeller
ir, irrotational
I isentropic
MB magnetic bearing
n n-th harmonic
p plenum, peripheral
rad radial
rot rotor, rotational
R rotor
S slip, sine
SS steady-state
sta, s stator
sp spool
Sys system
30
total
T throttle
unbalance
VS radial vaneless space
vlsd radial vaneless diffuser
31
32
Chapter 1
Introduction
Today's computers offer tremendous computation power in terms of CPU speed and memory and allow
for high-fidelity simulations of unsteady, viscous 3-dimensional turbomachinery flows. Depending on the
geometry and the complexity of the flow problem the computation times can however range from minutes
to months. The balance point between model resolution and the cost of implementation and execution is
constantly changing as the cost of computing comes down and more experimental information is gathered
about the nature of turbomachinery flows. In the past few years with the advances made in computing
and modeling, CFD has become an important tool in the turbomachinery field. Entire engines and engine
components are designed on the computer and virtual experiments are conducted, retiring component test
rigs while reducing the production costs and enhancing development times. At the same time however the
information obtained from the simulations is often limited to a few points of a typically large parameter
space, and from the high-fidelity solutions the underlying physics of the problems investigated are sometimes
hard or even impossible to explore. The engineering problems encountered today often involve more than
just one discipline and call for a system, rather than a component view, which increases the complexity
of the approach. For many of these problems the CFD approach is either too costly or not feasible to
implement because of the limitations of computation time. For example, in engine development the time
attributed to the preliminary design phase is today on the order of 6 months.
An alternate approach to the complex problems in turbomachinery applications is analytical, dynamic
system modeling. As the name states, an analytical approach is adopted and a systems view of the problem
is incorporated in the modeling. Analytical modeling can range from simple 1-dimensional lumped system
approximations to multi-dimensional, distributed models. The key to analytical modeling is making the
assumptions and approximations such that the problem can be simplified and analytical expressions can
be found without neglecting the physics driving the problem. This inherently involves a lot of intuition
and a systems turn of mind. The most powerful outputs resulting from this approach are the analytical
solution form on one hand, and on the other, the possible physical explanation of the phenomena on a
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first principles basis. The solution form can often be cast into a form suitable for control and diagnostics.
Together with high-fidelity CFD simulations the analytical system modeling approach forms a very powerful
tool for enhanced turbomachinery design, diagnostics and control.
In this thesis the analytical, dynamic system modeling approach is applied to compressors. The work
presented is a compilation of four different projects, related to axial and centrifugal compression systems.
The projects are all different but the approach used in each of them is common. The models, developed for
the different problems, form a broad set of modular tools suitable for industrial applications. An overview
of the four projects and an outline of the thesis are given below.
1.1 Thesis Overview
The four different projects, each composed in a chapter, are stand alone projects with a common basis, the
analytical, dynamic system modeling approach. The approach and the four projects are outlined briefly to
guide the reader through this thesis.
Chapter 2 : Dynamic Compression System Modeling
In this chapter the analytical, dynamic system model that is applied to the four projects is derived. Two
types of models are introduced, suitable for modeling the dynamic behavior of axial and centrifugal com-
pression systems.
The main feature of Model I is that the compressor is represented by a single semi-actuator disk. Hence
the model is limited to one or multiple directly coupled actuator disks. In either case the compressor is
bounded by an upstream and a downstream duct. The advantage of Model I is its compact form and its
efficient solution procedures found in linear algebra and control theory. The major disadvantage is that
modifications to any of the system components results in rewriting the entire set of system equations and
the state-space matrices.
In order to render flexibility and an efficient modeling capability that can be applied to any compression
system a new modular approach was developed. In Model II each system component model is cast into a
so called transmission matrix which can be linked to any other system component. This enables efficient
and flexible modeling of any kind of compression system. Modifications, additions and expansions to the
model can be easily made. System components such as axial ducts, radial spaces, axial rotor and stator
blade rows, impeller blade rows and vaneless or vaned diffuser blade rows can be considered. Stacking
the chosen component models (transmission matrices) yields a single system transmission matrix and leads
to a non-trivial dispersion problem in terms of an eigenvalue equation. Two numerical procedures were
developed to efficiently solve for the system eigenvalues: the contour plot method and the shot-gun method.
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Chapter 3 : Analysis of Aerodynamically Induced Whirling Forces in Axial
Compressors
Aerodynamically induced whirling forces play an important role in the assessment of engine rotordynamic
stability. Since the early work by Thomas [87] and Alford [4] in axial flow turbines many researchers have
also investigated whirl inducing forces in axial flow compressors. The disparity between the findings and
the lack of definitive measurements of cross-coupled excitation forces in axial compressors have led to an
experimental and analytical program in the GE Aircraft Engines LSRC facility (Storace et al. [84] and
Ehrich et al. [18]). The validation of experimental data and the importance of two effects, which could
not be evaluated in the experimental program and have not yet been modeled in compressors, were the
drivers for the new approach presented here. These two effects are the contributions of forced shaft whirl
and non-axisymmetric spool pressure distributions to the destabilizing whirling forces.
This chapter introduces a new unsteady low order model to predict aerodynamically induced whirling
forces in axial flow compressors. The model consists of two parts: Model I with the effect of tip-clearance
induced distortion and an aerodynamically induced force model. The distortion model predicts the flow
response to given (rotating) tip-clearance asymmetries. The force model then uses this distorted unsteady
flow field to deduce the forces on the rotor. The force model is not limited to this particular compressor
model; any prediction of the compressor flow field can be used (i.e. CFD, experimental data etc.).
Based on this analysis, a new parameter denoted as the blade loading indicator is deduced. This
parameter depends only on stage geometry and mean flow and determines the direction of whirl tendency
due to tangential blade loading forces in both compressors and turbines. All findings are suitable for
incorporation into an overall dynamic system analysis and integration into existing engine design tools.
Chapter 4 : Tip-Clearance Actuation With Magnetic Bearings For High-Speed
Compressor Stall Control
Control of rotating stall and surge was previously demonstrated in the NASA Stage 37 high-speed compressor
stage using unsteady air injection (Weigl et al. [96]). Under the same stall control efforts at the NASA
Glenn Research Center, a new actuation scheme using unsteady tip-clearance modulation was considered.
Magnetic bearings are widely used as active suspension devices in rotating machinery, mainly for active
vibration control purposes. The concept of active tip clearance control suggests a new application of
magnetic bearings as servo-actuators to stabilize rotating stall in axial compressors. The goal was to design
an experiment using tip-clearance actuation with magnetic bearings in NASA Glenn's high-speed single
stage compressor test facility.
This chapter presents a first-of-a-kind feasibility study of an active stall control experiment with a mag-
netic bearing servo-actuator in the NASA Glenn high-speed single-stage compressor test facility. Together
with CFD and experimental data the tip-clearance sensitive compressor Model I was used in a stochastic
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estimation and control analysis to determine the required magnetic bearing performance for compressor stall
control. The resulting requirements introduced new challenges to the magnetic bearing actuator design. A
magnetic bearing servo-actuator was designed which fulfilled the performance specifications. Control laws
were then developed to stabilize the compressor shaft. In a second control loop, a constant gain controller
was implemented to stabilize rotating stall. A detailed closed loop simulation at 100% corrected design
speed resulted in a 2.3% reduction of stalling mass flow which is comparable to results obtained in the same
compressor using unsteady air injection ([96]).
The design and simulation results presented in this chapter establish the viability of magnetic bearings
for stall control in aero-engine high-speed compressors. Furthermore the chapter outlines a general design
procedure to develop magnetic bearing servo-actuators for high-speed turbomachinery.
Chapter 5 : Analysis of Unsteady Impeller-Diffuser Interaction Effects on Com-
pressor Stability
Extensive studies, mostly experimental, have been conducted on flow instabilities in centrifugal compressors.
However, a rigorous, detailed dynamic analysis of an entire centrifugal compression system has not been
reported. To date it is not clear what is the physical inception mechanism for surge and rotating stall in
centrifugal machines and what is the effect of unsteady impeller-diffuser interaction on stability. Under
the active rotating stall and surge control thrusts at the NASA Glenn Research Center, a test program
was initiated with the goal to enhance centrifugal compressor stability with air injection. This chapter
addresses these specific two issues using Model II. The test vehicle investigated is the NASA CC3 high-
speed centrifugal compressor. Based on the analysis and the model predictions presented in this chapter,
surge control experiments were conducted and are discussed in more detail in Chapter 6.
For the unsteady blade-row interaction in an axial compression system, three regimes of unsteady blade-
row interaction have been identified. The results revealed that pre-stall waves can travel backward and
alter the system dynamics when the rotor and stator are moderately coupled. The physical mechanism for
the blade-row interaction effect on compression system stability is also investigated and it is found from
first principles that the unsteady blade-row interaction and coupling is driven by the resonant behavior of
the rotor and the stator wave systems. A coupling criterion has been presented which determines for which
axial blade-row spacings and swirl angles backward traveling pre-stall waves can occur.
From this analysis it was found that in centrifugal compressors the coupling effect is more pronounced
because of the relatively large radial spacing between impeller and vaned diffuser and the high swirl angle
at the impeller exit. The theory is applied to the NASA CC3 high-speed centrifugal compressor. Model
II predicts diffuser modes with a harmonic number of 4 and higher to be unstable near the experimentally
determined stall point. The impeller-diffuser coupling is such that pre-stall waves with a harmonic number
of 3 and higher travel backward (against the direction of impeller rotation). An energy analysis reveals
that the vaneless space between impeller and diffuser is the system component with the strongest pre-stall
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activity. Based on these predictions air injection nozzles are designed for surge control experiments in the
same compressor and the results of this experiment are discussed in the next chapter.
Chapter 6 : High-Speed Centrifugal Compressor Stability Enhancement Using
Diffuser Air Injection
Although exhibiting the same type of instabilities, centrifugal compressors are characterized by a much
broader spectrum of unstable behavior than their axial counterparts. The wide variety of geometries that
have been tested to date have resulted in an equally large variety of instability pathologies. The wide variety
of instability behavior, along with the inherently complicated flow in such a machine, are primary reasons
that rotating stall and surge in centrifugal compressors are less well understood than similar phenomenon
in axial compressors.
The previous chapter presented a new signature of pre-stall modes and the theory was applied to the
NASA CC3 high-speed centrifugal compressor. The objective was to investigate the surge and stall inception
behavior of centrifugal machines with the goal to enhance compressor stability. The means of actuation
applied in the test program was air injection. In this chapter surge inception and surge control experiments
with diffuser and impeller air injection in the NASA CC3 high-speed centrifugal compressor are presented.
The compressor pre-stall behavior and the effects of injection are investigated using the theory from Chapter
5.
The measurements show for both part and design speed conditions that a fundamental, incompressible
system mode strongest in the 4th spatial harmonic, rotates at about a quarter of rotor speed against the
direction of rotation. It is conjectured from the spectral analysis of the Kulite signals that multiple acoustic-
like modes are also present due to the compressible flow regime of the centrifugal machine. Relatively strong
coupling is observed between the 0th and the 4th spatial harmonic due to the large amplitude of the pre-stall
waves. Along the path into instability the incompressible mode grows gradually in magnitude and coupling
between the harmonics occurs. In addition to the large amplitude 4th harmonic backward traveling waves a
low frequency oscillation is superimposed and prior to surge the periodic fluctuations distort abruptly and
the flow breaks down near the diffuser throat. Once unstable, classic surge is observed.
The experiments with steady air injection show that air injection in the vaneless space is the most
effective configuration and that an increase of 25% in surge-margin is achieved by injecting 0.5% of the
compressor design mass flow. The viability of the vaneless space injectors in a working engine environment
is also assessed. It is demonstrated that the injection scheme is robust to tip-clearance effects and has
enough impact on the compressor dynamics to recover from fully developed surge. In addition, vaneless
space injection with a reduced number of injectors is tested and a significant stability enhancement of 16%
to 21% increase in surge-margin is achieved.
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Chapter 2
Dynamic Compression System
Modeling
A number of theoretical and experimental studies have been conducted on the rotating stall and surge
inception process in axial compressors. Early flow models by Emmons et al. [19] and Stenning [83] were
extended by Moore [55] and Moore and Greitzer [56] for axial flow compressors. Based on the conceptual
"Moore-Greitzer" framework many extensions and formulations have been developed. A summary is given
in a review paper by Longley [52]. Examples are the analysis by Hynes and Greitzer [41] who presented a
compressor stability model to assess the effect of inlet flow distortion and Graf et al. [30] who extended this
model to account for steady non-axisymmetric tip-clearances. Gordon [29] further modified this approach to
investigate the effect of rotating (unsteady) clearance asymmetries on compressor performance and stability.
A compressible analysis for multi-stage compressors has been developed by Bonnaure [7], who showed that
compressibility has a major effect on compressor stability behavior. Feulner et al. [23] formulated an input-
output state-space version of Bonnaure's model suitable for control studies. Tryfonidis et al. [89] compared
the model's predictions to experimental data from several compressors. Spakovszky et al. [80] modified
Feulner's model to account for engine transients and deterioration and explained experimentally observed
pre-stall flow disturbances in large commercial aircraft engines.
This Chapter introduces the system modeling framework for axial and radial flow compressors used
throughout this thesis. Section 2.2 presents extensions of the Moore-Greitzer model reported by Gordon [29]
and introduces a specially tailored formulation (Model I) for the applications discussed in Chapters 3 and 4.
In Section 2.3 a new, modular model formulation (Model II) is developed. The latter is capable of dealing
with unsteady radial swirling flows, rotor-stator blade row and impeller-diffuser component interaction.
Two example implementations of Model II and the numerical solution procedures are given in Section 2.5.
Specific applications of this model are presented in Chapters 5 and 6.
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2.1 Compression System Definition
A first step in the approach is the definition of the physical system to be modeled. Figure 2-1 depicts an
axial-centrifugal compression system comprised of different components. Each component, e.g. axial duct
"throttle" (turbine)
Figure 2-1: Axial-centrifugal compression system: the GE (formerly Honeywell, formerly Allied Signal, formerly Textron,
formerly Avco and formerly Lycoming) T55 L-5 core engine.
or radial space, blade row, inter-blade-row gap, plenum and throttle needs to be modeled appropriately.
The level of complexity and modeling detail in each of the component models depends on the specific
problem to be investigated and the underlying assumptions and approximations can vary from application
to application. For all applications presented in this thesis the following assumptions are made:
" The relevant Mach numbers are low enough that compressibility effects can be neglected.
" Reynolds number effects are ignored.
" Effects of viscosity and heat transfer outside of the blade rows are neglected.
* The hub-to-tip ratio in the axial compressor segments are high enough to assume 2-dimensional flow
(in the axial and circumferential direction).
" The flow through radial segments is assumed to be 2-dimensional (in the radial and circumferential
direction).
" The blade rows are modeled as semi-actuator disks with unsteady inertia and loss terms.
Additional assumptions (e.g. swirl sensitivity or unsteady deviation effects) are introduced specific to the
applications.
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The next sections discuss the modeling details of each of the possible system components. There are two
general models presented in this thesis. Section 2.2 presents Model I, the single actuator disk compressor
approach and its compact model formulation. Model II, which uses a multi-actuator disk approach, is
developed and discussed in detail in Section 2.3.
2.2 Model I: Compact Single-Actuator Disk Approach
In Model I the compression system is comprised of components such as an upstream and a downstream
duct, a compressor, a plenum and a throttle as sketched in Figure 2-2, but the compressor is represented by
0
upstream downstream plenumduct duct
STA a 1 2 3 4 5 6
compressor throttle
Figure 2-2: Modeled components of compact model formulation.
a single semi-actuator disk. Each component is briefly outlined and a detailed derivation of the fundamental
equations are found in Longley's review [52].
Including unsteady blade row inertia effects (a part of the compressor pressure rise is devoted to accelerate
the fluid in the blade passages) the actual total-to-static pressure rise across the entire compressor can be
written as (Moore [55])
P2 - Pti q~t - A a# o (2.1)
pU 2  80 r'
where = v.,/U, U is the wheel speed and @ts is the steady-state total-to-static pressure rise characteristic.
The non-dimensional time is defined as T = t U / R. The blade passage fluid inertia of the rotors, A, and
the rotors and stators, p, are defined as
A =Z c' and =, (2.2)
rotors rot+stat RCOS2 y
using the axial chord cz, the mean radius R and the blade stagger angle -y. The steady-state total-to-static
pressure rise characteristic can be written in terms of the total-to-static isentropic characteristic ?P" and
the total pressure losses in the rotor and stator rows LR and Ls as
V)t -) = st'(&) - LR(p) - Ls(o) (2.3)
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The ratio of the losses is assumed to scale with the blade reaction 0, so that LR = o(Ot - OtS) and
Ls = (1 - ,)(O's - @/ts). To account for the time delay for blade passage losses to occur in a changing flow
field a second source of unsteadiness is introduced. The steady-state rotor and stator losses are modified
by a first order time lag, with time constants rR and Ts proportional to the convection time through the
respective blade passages [a a ]LR =0 Os-Os 24(1 + TR -- + (R s _ ts
(1 + Ts ) Ls = (1 - o) (/ iS - Ots)
The overall total-to-static pressure rise in Equation (2.1) has to be matched to the upstream and down-
stream duct flow fields, i.e. the pressure difference through the compressor is equal to the pressure difference
in the flow fields. The flow through the ducts is assumed to be inviscid and 2-dimensional. The upstream
flow is uniform and steady, so the flow upstream of the compressor is irrotational. The velocity can be
expressed in terms of a potential 4 so that the continuity equation becomes
a2~ 4) 1a2~ 4) 
_91 1 01
ax + = 0, where V = - and vO = . (2.5)ox2 R2 ag2 Ox R 890
Downstream of the compressor the flow is rotational since vorticity is shed from the blade rows. The
downstream flow field is described by the 2-dimensional Euler equations
av+ v + - -' -= -ap
at ax R ao pOx
av v9  vo aove 1 apav+ v + - -- = - (2.6)
at ax R a0 p06
0v+ 1 ovo
ax R 00
The compressor ducts are assumed to be long enough that there is no interaction between the nonuniform
pressure field generated at the compressor and the far-field duct boundaries.
Since the plenum dimensions are much larger than the compressor and duct dimensions, the flow in
the plenum is assumed spatially uniform. The plenum pressure pp is modeled responding isentropically to
fluctuations in stored mass as
dp, yp. (Ac vx 3 - AT v 4 ) (2.7)
dt Vp
In Equation (2.7) the compressor and throttle duct areas are denoted by AC and AT respectively and the
ambient pressure is denoted by pa.
The throttle is modeled as a quasi-steady actuator disk. The pressure drop across the throttle is specified
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by the throttle setting kT yielding
P5 - P6 = 1 kT Vx5 . (2.8)2
Equations (2.1) - (2.8) represent models of the compression system components. The solutions to this
system of equations, and to a linearized form of the equations, yield the steady and unsteady flow field
respectively. These are discussed next.
2.2.1 Calculation of the Steady Flow Field
The steady-state flow through the compression system can be found by neglecting all temporal derivatives
in Equations (2.1) - (2.8). The total-to-static pressure rise and total-to-static isentropic characteristics 4 1ts
and @t' are presumed to be known, either measured or otherwise computed. Assuming uniform inlet flow
and circumferentially constant compressor exit flow angles, and applying boundary conditions to the above
system of equations the steady flow field solution is readily found.
In the most general case the pressure rise characteristics can be a function of additional dependent or
independent variables. For example in the presence of inlet distortion the time mean flow becomes non-
uniform and the upstream total pressure and compressor characteristics depend also on 0, i.e. @ ts (010)
and @}s (#, 6). This is also true with non-uniform compressor blade tip-clearances E, which can vary around
the annulus such that Ots(#, E) and @}4 s(#, c). In both cases the above set of equations form a system of
non-linear equations that has to be solved numerically. An iterative approach for this is to decompose the
steady flow field variables into spatial harmonics. The equations can then be written in matrix form and
numerically solved for the spatial Fourier coefficients. Details on this procedure can be found in [29]. The
advantage of this procedure compared to non-linear CFD methods is its efficiency and its relatively small
number of steady states required to accurately represent the entire flow.
2.2.2 Unsteady, Small Amplitude Flow Perturbations: State-Space Form of
Model
To examine the behavior of unsteady, small amplitude perturbations to a known steady-state flow field,
the set of equations (Equations 2.1 - 2.8) are linearized. Each of the flow field quantities is decomposed
into a steady component (the above steady-state flow field solution) and an unsteady, small amplitude
perturbation. For example static pressure can be written as
p(X, 0,t) = (X, 6) + 6p(x,9,t) . (2.9)
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The unsteady perturbations are then decomposed into their circumferential spatial harmonics. For example
the static pressure perturbation is written
6p(x, 0, t) =o(x, t) + E je>,,(x, t) - cos(nO) + ,,,J, t) - sin(nO) , (2.10)
or in complex form using j = ,n - jPs,n
pAx,1 0, t) = : Re {J&(x, t) -ej""} (2.11)
n=O
Assigning states on a harmonic by harmonic basis, all linearized equations representing each component in
the compression system can be combined into a truncated matrix form, written as
dx
= A-x , (2.12)dt
where the vector x represents the relevant dynamic states of the model. The state vector contains only the
first N harmonics of flow non-uniformity, such as the N spatial Fourier coefficients of the flow coefficient,
static pressure, rotor loss, stator loss etc. Matrix A uses the steady-state flow field solution and compression
system geometry information. The formulation of the A matrix depends on the model application and
detailed descriptions can be found in [53], [90], [30] or [29].
The stability of the steady-state flow field can be determined by examining the unforced linearized
compression system dynamics in Equation (2.12). This matrix eigenvalue problem can be solved using
standard numerical procedures found in linear algebra. The general solution for x can be written as the
sum of independent compression system modes, each with exponential temporal behavior
x = Exm - es't' (2.13)
with the set sm = U-n - j - wm being the eigenvalues and xm the corresponding eigenvectors of matrix A.
The real part of the eigenvalue, o-n is the growth rate of the mode and hence determines the stability: if
the growth rate is positive the flow field perturbations grow in time and the compression system is linearly
unstable. The imaginary part of the eigenvalue is the rotation rate and determines the frequency and
direction of rotation of the compression system mode. The eigenvectors determine the spatial structure of
the flow field perturbations.
In order to use the model in a control environment or to investigate the forced response of the compression
system, actuation and sensing have to be introduced and inputs and outputs need to be assigned. This is
described in the next section.
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Air Injection Actuation
One possible actuation scheme is the injection of high momentum air. This actuation scheme has been
successfully used in low-speed and high-speed compressor active stall control experiments (Vo [93], Weigl
[95]). To model air injection actuation an additional actuator disk is introduced to the compression system
model as depicted in Figure 2-3. The flow in the compressor duct upstream of the injectors is inviscid and
upstream downstream plenumduct duct
STA a 0 1 2 3 4 5X STA 6
injectors compressor throttle
Injection
Air
A -- - - - -- - vinj AA ~ A ___ Vn
Flow VJ 
inviscid A - viscous|
- I mixing_|
0 1
Figure 2-3: Compression system model with air injection actuation.
the injection air is assumed to be injected in the axial direction. Viscous mixing of the flow is assumed
to occur over a very short axial distance and effects of compressibility and temperature differences are
neglected. Considering the two control volumes in Figure 2-3 conservation of mass and momentum can be
written from station j to station 1 as
Ving -Ainj + vj -Aj = A v1  (2.14)
2 A
-A -v - V + A-v A p1), (2.15)
where v denotes axial velocity. Similarly the continuity and Bernoulli equations hold between stations 0
and j, yielding
vo -Ao = vj - Aj (2.16)
1 2
p0 + 2p v = p3 + p v . (2.17)
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Combining Equations (2.14) - (2.17), collecting terms and non-dimensionalizing velocities and pressures,
the total pressure rise due to air injection @inj (pti - pto)/(p U 2 ) can then be written as
A- -_A-_- A- -' A2  A 1 2
/'inj(#, 4inj) =[A"j (1 -' ) -n - A #_nj - 1j 0A 2 A A _(A - Ain) )2 A - Ainj 2
(2.18)
where 0 is the upstream flow coefficient. The flow coefficient at the compressor face becomes
A- -
# = #0 + An - #inj (2.19)
The compressor actuator disk model (Equation 2.1) and the injector actuator disk model can now be
combined and the overall total-to-static pressure balance from station 0 to station 2 yields
P2 = tS(4) - LR(@) - Ls($) + @inj($,#inj) - A - p . (2.20)
pU 2  8 Or
The steady-state flow field solution to the modified set of equations can be found as discussed in Section
2.2.1.
Linearizing the modified set of equations, considering N spatial harmonics of the unsteady flow field
perturbations and identifying an input vector u (air injection actuation) and an output vector y (e.g.
pressure sensors at the rotor face), the linearized compression system model can be written in state-space
form as
dx_
dt = A-x + B-u (2.21)
y = C-x + D-u.
The input and output vectors are then of the form
uWt = [ injo0(t), inj c1(t), injs1(t), - - ,, ijN (t), injsN (t)
y(t) = [ i,o(t), A1,c1(t), Ai,si (t), - - - , A1,cN(t), 1,sN(t) I ,
containing the spatial Fourier coefficients of the selected variables. The modified A matrix is constructed
using the steady-state flow field solution including the effect of actuation. The B matrix couples the
unsteady actuation inputs to the compression system dynamics and the C and D matrices reconstruct the
selected sensor signals. Possible direct feed-through terms are accounted for in the D matrix.
The state-space compression system model with air injection actuation is ready to be used for active
control or forced response simulations. An application of Model I with air injection actuation can be found
in Chapter 4.
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Tip-Clearance Actuation
Using this modeling framework the effect of blade tip-clearances on compressor stability and performance
has been investigated by Graf et al. [30] and Gordon [29]. A short overview of Gordon's model, which is
an extension to Graf's approach for stationary clearance asymmetries, is given in this chapter. Details of
the development of the model equations can be found in [29].
As mentioned earlier, the effect of tip-clearance on the compressor pressure rise and efficiency can be
captured in the actuator disk model using the compressor characteristics. The total-to-static compressor
pressure rise and isentropic compressor characteristic will then also depend on the blade tip-clearance E,
represented by the functions ets(#, ) and @}s(#, e). One common way to define a compressor tip-clearance
characteristic is to use the sensitivity of the compressor performance to an axisymmetric blade tip-clearance.
This sensitivity can be deduced from compressor experiments or CFD simulations.
Unsteady blade tip-clearances can occur in many situations. For example geometric non-uniformities
originating from casing and/or rotor blade inhomogeneities, or a compressor rotor whirling at an off-set
radius inside its casing at the natural frequency of the system, can induce unsteady blade tip-clearance.
These two situations are sketched in Figure 2-4. Suppose the tip-clearance asymmetry is rotating at some
Geometrical Non-Uniformities Compressor Shaft Whirl
y Compressor Casing Y
Non-Uniformities
Rotor
Whirl
x x
Unsteady
Blade Tip-
Variation In Clearance Compressor
Blade Height Casing
Figure 2-4: Unsteady compressor blade tip-clearance due to geometrical non-uniformities and shaft whirl.
frequency v. Then an observer sitting in the absolute frame (x, y) will perceive an unsteady flow. However,
for an observer locked to the reference frame of rotating tip-clearance asymmetries the background flow
is steady. Hence the non-linear background flow field is computed as discussed in Section 2.2.1 in the
reference frame locked to the rotating tip-clearance asymmetry instead of the absolute frame of reference.
In order to compute the now steady background flow field, the set of non-linear system equations need to
be transformed from the absolute frame of reference to the rotating asymmetry frame of reference which
is rotating at frequency v. The following linear transformation is used where all transformed variables are
47
- - .__ Z_ --___-1-___-_ - --- -- - 1_ 040
denoted by a prime superscript:
0' = 0 - V T
x =x
r = T.
Subsequently the derivatives in the transformed frame become
0 &
06
0
Ox' O9x
- + V-
OT' OT 80
The transformed pressure and velocity fields in non-dimensional form are given by
V' = V-
V0, = V - V
P' P
Pt =Pt + V (- VO)2
(2.23)
(2.24)
Note that Pt' is the non-dimensional relative total pressure in the transformed reference frame. Using these
transformations Equations (2.1) to (2.8) can be rewritten in the reference frame of the rotating tip-clearance
asymmetry.
Upstream of the compressor the potential <' is then defined as
+ 2 = 0,
+ 5g,2 =
where V' =
Ox',,
and Vol= 6 'o
The 2-dimensional Euler equations for the downstream duct remain unchanged and yield in non-dimensional
form
OVI/ V I V'+ OVI' OpI
OT' x' 0V' Ox
a l+ V , g ol+ V , + , =/ 0OV' OV' OIV' OP'
+±V' 9 +V' + ,=0OT' x Ox' 069' 0
+ 0 0
(2.26)
The actual compressor pressure rise and the rotor and stator loss Equations (2.1), (2.3) and (2.4) yield, in
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(2.22)
2 4i
OX' 2
(2.25)
the transformed reference frame,
P2 - P' - LR - Ls - (A - up) -, - I) 209' &T 1 + v(VO +-
0 0
(1±+TR(9,±&(1 v) TRg) L R= O(s _ts)
0 0(1 + -FS , 7- s8') Ls = (1 - o-) (0"s - ots)
#5' = #, (2.27)
where @)ts - $t's, c), )tS =Pts(#, E), LR = LR(#, e) and Ls = Ls(4, c) for e = e(6'). Note that these
quantities are still evaluated in the absolute frame. This notation was used because the axisymmetric
compressor characteristics are specified in the absolute frame. The circumferential flow non-uniformities
vanish beyond the plenum and the governing equations for the plenum and throttle components remain the
same (see Equations (2.7) and (2.8)).
Dropping the time derivatives in this set of compression system equations the steady background flow
field in the transformed frame of reference can be found as discussed in Section 2.2.1. The solution to the
linearized set of the above equations yields the unsteady small amplitude flow field perturbations in the
reference frame locked to the rotating tip-clearance asymmetry. The linearized governing equations can
again be cast into state-space form as described in Section 2.2.2. The tip-clearance compressor Model I and
the corresponding state-space model are used in the applications of Chapter 3 and 4.
2.3 Model II: New, Modular Multi-Actuator Disk Approach
One disadvantage of the compact compressor Model I presented in Section 2.2 is that modifications to any
of the system components result in rewriting the entire set of system equations and the state-space matrices.
For example if the actuation scheme needed to be changed from air injection to tip-clearance actuation, the
state-space matrices A, B, C and D would have to be entirely modified, yielding a very time consuming
and involved task. Also, the compact compressor Model I is limited to one single actuator disk, or multiple
directly coupled actuator disks only, bounded by an upstream and a downstream duct. Hence the compact
formulation is not appropriate to model blade rows or compressor blocks that are separated by ducts or
inter-blade-row gaps.
To render flexibility and an efficient modeling capability that can be applied to any compression system,
a new modular approach was developed. The modular approach casts each system component model into
a so called transmission matrix which can be linked to any other system component. This enables efficient
and flexible modeling of any kind of compression system. Modifications, additions and expansions to the
model can be easily made. The following sections present how these transmission matrices are developed
for an axial duct, radial space, rotor/impeller blade row and stator/diffuser blade row.
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2.3.1 Axial Duct Flow Dynamics
As stated in Section 2.1 the flow in the axial ducts of the compression system is assumed to be inviscid
and 2-dimensional in the axial and circumferential directions. The relevant equations of motion for inviscid,
incompressible fluid flow are
V-v = 0 (2.28)
By 1+ (v-V)v = -- Vp. (2.29)
at p
Using the definition of vorticity w = V x v and the vector identity (V x v) x v = (v - V)v - V(!v 2 ) the
momentum equation can be written as
By 1 (.09V+ W X V= Vpt . (2.30)
at p
Taking the curl of the above and using another vector identity V x (v x w) = (w -V)v - W(V -v) - (v -V)w
removes the total pressure term and gives the vorticity equation
aw
+ (v - V) W = (W -V) v. (2.31)
at
The terms on the left hand side form the convective derivative of the vorticity and the right hand side
describes the stretching and tipping of vortex lines. In a 2-dimensional flow with v = [v1 , V,0] and
W = [0, 0, wz], the right hand side vanishes and the vorticity equation reduces to
Dw,
~wz = 0 . (2.32)Dt
In a 2-dimensional flow, using cartesian coordinates, it is possible to define a stream function I that satisfies
the continuity equation (2.28) such that
V2 - and vO = . (2.33)
R 86 ax
Using the definition of vorticity in cartesian coordinates, wz - 4x- eg the vorticity w2 can be written
in terms of the stream function T as
V2 = - z. (2.34)
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Linearizing Equations (2.32) and (2.34) under the assumption of small amplitude flow perturbations (see
Equation 2.9) the governing equations become in non-dimensional form
S+ V D6 + VO = 0 (2.35)DT (9 -V (9orDx DO
2 -, (2.36)DX2  DO2
where 6( and 6@ are the vorticity perturbation and the stream function perturbation respectively. Note
that V, and Vo are the constant background flow velocities which can be obtained from a steady mean line
flow field analysis. The above two equations fully describe the unsteady, linearized flow field in the axial
ducts and need to be solved for the vorticity perturbation 6((x, 0, t) and the stream function perturbation
60@(x, 0, t).
To solve Equations (2.35) and (2.36) in the frequency domain, the Laplace variable s = jW and the
Laplace transformL : x(T) - x(s) are introduced
x(T) o X(s) = e-8 x(r) dr , (2.37)
yielding
6((X,0,T) 0@ 6((x,0,s)
60(X, 0, r) o 0 6@(X, 0, S).
Assuming a periodic solution in 0 the vorticity perturbation can be decomposed into spatial harmonics
00
6((x, 0, s) = Re n(x, s) ejn} . (2.38)
n=O
From now the real part inside the sum is dropped for convenience and the following convention is introduced:
when the sum is taken over Fourier coefficients only the real parts are summed. For each spatial harmonic
n the vorticity equation (2.35) then becomes an ordinary differential equation
s - (n + VX d + jnVo (n = 0, V n > 0 , (2.39)dx
which is readily solved. The vorticity perturbation then yields
6((x, 9,s) = n(s) e - ± (2.40)
n=O
where Ca,(S) are integration constants. To find the stream function perturbation, 6V)' is also decomposed
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into spatial harmonics. Using the solution of the vorticity perturbation above, Equation (2.36) becomes
d 2On ~ ~ --- +jnTO ) x
- 2 = - (s) e , (2.41)dx2
and can be solved for each harmonic n by splitting the equation into a homogeneous and a non-homogeneous
part. The solution for n 0 yields
-2V - x
V)o(x,0, s) ao(s) x + a I (s) 0 ± 02(s) x 0 + a3(S) - Co(s) - e . , (2.42)
and for n > 0 the n-th harmonic of the stream function perturbation yields
1_ -=-+jn )' X
nP,(x, s) = An(s) e'x + n (s) e-x + Cn(s) -j-e)v2 V-.
(= - +j jn V)2 _ n2vX v (2.43)
The ao and a 2 terms are not physical' and the solution is arbitrary to a spatial constant so that ao, a 2
and a 3 can be dropped. Redefining the integration constants for convenience
a1(s) = An(s) and in(s) =An(S)jn
Bs) Ba(s)
E~n(S) = in
-2
~ V 1 C, (S)Co(s)-x = Co(s) and Cn(s) - =
s (2_ + jn-e)2 _ n2 jn
the stream function perturbation for the 2-dimensional unsteady axial duct flow becomes
60(x, 0, s) = Ao(s) - ± + An(s) .enz+ n + B1 (s) .- n+ jne
n=1 n=1
+ CO(s) -e + C + x + V 9 ne . (2.44)
n=1
An examination of the above shows that the coefficients An(s) and Bn (s) correspond to the two potential
like solutions of the linearized Euler equations. As seen from the derivation, coefficient Ca(s) corresponds
to a vortical like solution. Hence the coefficients An(s), Bn(s) and Cn(s) will be referred to as the potential
and vortical modes of the duct dynamics. The potential modes can exponentially decay or grow in x and are
the only modes that affect the upstream flow. The vortical mode is convected with the mean flow since the
non-homogeneous part of the stream function solution stems from the vorticity equation which describes
'Using Equation (2.33) the velocity perturbations can be derived from the above stream function. Substituting the velocity
perturbations in the linearized axial and tangential momentum equations, the pressure perturbation can then be solved for
from both equations. It can be shown that the two pressure perturbation solutions are contradictory in the presence of the ao
and a2 terms.
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the transport of vorticity. This physical interpretation will be important in later applications of Model II.
From the solution in Equation (2.44) the velocity perturbations 6V (x, 6, s) and 6VO (x, 6, s) are found
using the definition of the stream function in Equation (2.33). The static pressure perturbation can be
found by integration of the linearized momentum equation, for example in the x direction
6P(x,0,s) = s -6Vx - V _ _ - Vd .
loxo 86a g (2.45)
The flow field perturbation solution is then cast into a sum of harmonic transmission matrices and is written
as
6VO (x,6,s) = Tax,o - Aos)
6P -COs-
+ E Tax,n
n=1
where the Oth and n-th harmonic transmission matrices are defined as
1
Tax,O= 0
-s z
0
e VN
0
-x - jVO) enx (-I - V + jVO) e-flx
e V V
V~n VT
0J
Note that the pressure perturbation contains only potential modes whereas the velocity perturbations are
composed of the potential and the vortical modes. The transmission matrices link the modes An(s), Ba(s)
and Cn(s) of the axial duct dynamics to the spatial harmonics of the physical flow perturbation quantities.
The transmission matrices can be stacked together with transmission matrices of other components to form
the compression system model. The Matlab code is given Appendix A.1.
2.3.2 Swirling Flow Dynamics
In a centrifugal compression system the flow usually enters the impeller axially and leaves in the radial
direction, creating a swirling flow in the vaneless space and the vaned or vaneless diffuser. In the current
analysis the flow is assumed inviscid and 2-dimensional in the radial and circumferential directions. The
approach in this case is more complicated than that in the previous section since the mean steady background
flow is not uniform, and the linearized equations of motion have to be solved in cylindrical coordinates.
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An(s)
Ba(s)
Cn(s)J
(2.46)
and
Taxn
(2.47)
(2.48)
Assuming inviscid, circumferentially uniform and steady flow conditions, the mean background flow in
the radial space between impeller and diffuser can be represented by a free vortex flow
F
Vo(r) = -
r
Qand V,(r) =- ,
r
(2.49)
where F and Q are the circulation and the flow rate constants. The streamlines in the radial space are
"logarithmic spirals" with V,/Vo = const as shown in Figure 2-5. For this flow, the linearized vorticity
Figure 2-5: Free vortex mean flow for -= 5 with zero net rotation such that ( -0.
equation in cylindrical coordinates and non-dimensional form can then be written as
86( Q 86( F Bo(
+ + = 0 (2.50)Or r Or r 2 a0
The mean vorticity vanishes for a free vortex flow and the background flow is irrotational. Using the
non-dimensional stream function perturbation 6,0 from
6 V, - 1 (9610
r 069 and 6VO 
= ,Or (2.51)
the vorticity perturbation in cylindrical coordinates then yields from continuity
0260/ 1 06v 1 02 67b
0r + + - +- = -6(.Or2 r Or r 2 0622 (2.52)
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Taking the Laplace transform and assuming again a periodic solution in 0 the vorticity perturbation is of
the form
00
6((r, 0, s) = (r, s)e 9 . (2.53)
n=O
For each spatial harmonic n the vorticity equation becomes an ordinary differential equation in r
~ Q d(n I,
s-(n + r d + j n = 0, V n > 0. (2.54)
r dr r2
Solving this equation on a harmonic basis the vorticity perturbation for a swirling flow in a radial space
becomes
00
((r, 9, s) = N a (s n- log(r)+ r2) + jne, (2.55)
n=O
with the integration constants Fn(s). Introducing the stream function perturbation 6@ sinusoidal in 0, and
using the above solution Equation (2.52) yields for each spatial harmonic n
d + -1n 
- (S) e U(_,n E log(r) + 5r2. (2.56)
dr 2  r dr r
The solution of the homogeneous or irrotational part is
irr,o = # 0(s) log(r) + 31 (s) log(r) 9 + 02(8) 9 + 03(s) for n = 0
(2.57)
irr,n = Dn(s) r" + En(s) r-n for n > 0 .
The #30(s) and 1 (s) terms are not physical and set to zero2 and the solution is arbitrary to a constant so
that 33(S) is also dropped. Note that the irrotational solution is similar to the potential solution in the
axial duct case: the Dn(s) and En(s) terms are growing and decaying as r±n, as it is expected from the
solution of a potential problem in a circular domain.
The non-homogeneous or rotational part of the differential equation can be solved using variation of
2 Using Equation (2.51) the velocity perturbations can be derived from the above stream function. Substituting the velocity
perturbations in the linearized radial and tangential momentum equations, the pressure perturbation can then be solved for
from both equations. It can be shown that the two pressure perturbation solutions are contradictory in the presence of the 0
and #1 terms, similar to the case in Section 2.3.1.
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parameters, giving
Orot,o = Fo(s) e 2f (log(r) ) (. -log() )d)d
Iot,n = in(s) 10e-Un Z7 gm+ Q (r" -+ - r--"n+) d<
for n = 0
(2.58)
for n > 0 .
Redefining the integration constants 02(S) = Do(s), Dn(s) = D0 (s), En(s) = En(s), Fo(s) = Fo(s) and
Pn(s) = Fa(s), and superposing the irrotational and rotational solutions the stream function perturbation
for the 2-dimensional, unsteady swirling flow in the radial space becomes
00 00
6'(r, 0, s) = Do(s) - 0 + Dn(s) - r"' e" + E En(s) -r~" e"
n=1 n=1
+ Fo(s) - e Q (log(r) - log() {}d
00 r
+ ~ FL(s) - e - og() + 2)- (r" -n+1 - r--"(n+1 ) d es"
n=1 J0 (2.59)
Similar to the axial case the constants Do(s) and En(s) will be referred to as the irrotational modes and
Fn(s) will be referred to as the rotational mode of the swirling flow dynamics in the radial space.
The velocity perturbations are obtained using the definition of the stream function perturbation in
Equation (2.51). The Oth harmonic static pressure perturbation is found by integration of the linearized
momentum equation in the radial direction, giving
/ [-(2Q s 2j D ± F (s)P rs) = 3 Do (s) + 3 e 2Q < o  (. (2.60)
The n-th harmonic pressure perturbation is found using the linearized momentum equation in the circum-
ferential direction. With the n-th harmonic stream function perturbation On = Virr,n + Vrot,n the pressure
perturbation can be written after integration as
P"(r,s) = Q 2  + (in- + sr +
r2 r r Or yn Vn >0. (2.61)
Analogous to the axial case the flow field perturbations can be cast into transmission matrix form
[Vr 1 00 Dn (s)
6 Vo (r, 0, s) = Trad,o - + Trad,n En(s)
6P J L Fo(s) n=1 L F(S) J
(2.62)
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and the Oth and n-th harmonic transmission matrices become
r 0
Trad,O = 0g er , 2Q
- 2 - s log(r) .s Ro(r, s)
jn r~1 jn r -n-i
-n r"- I n r- n-1
1iQ(1 -n)rn-2± [_iQ(1 + n)r-n 2
+ Lr - . Q)nr n-1 E + g_ +± k)nr- n-
r j 3 n -2 
--- -2 __
jn --
OR,.a r
_ Q a 2R+
n -r2
r n _rn) "] (2.64)
The radial functions Ro(r, s) and Rn(r, s) are defined as
Ro(r, s) = e,1 -/ 2 1
(2.65)
(2.66)R 0 (r, s) = e-U ; _Q+ - (r" -n+1 - r-"n+1) d .
The radial functions 3 and their derivatives in Equation (2.64) need to be integrated numerically. Using the
transmission matrices above the 2-dimensional, unsteady linearized swirling flow in a radial space can be
completely described. The matrices can be stacked together with other components such as axial ducts and
blade rows as it will be shown in Section 2.3.5. A short discussion on the above solution is given in Section
2.6 and the Matlab codes are presented in Appendix A.2.
2.3.3 Rotor/Impeller Actuator Dynamics
Axial Rotor Blade Row
As discussed earlier, the blade rows are represented by semi-actuator disks. The transmission matrix for a
rotor blade row is derived for general upstream and downstream flow conditions as depicted in Figure 2-6.
The following additional assumptions are made. Unsteady deviation effects are neglected and the blade-to-
blade pitch is assumed small enough so that the exit flow angle is independent of inlet conditions. Upstream
and downstream duct areas are assumed to be identical. Using Euler's equation for turbomachinery the
isentropic total pressure rise across the rotor blade row becomes @, = 1 + [tan /32 - tan a1] - V, and the
3 They account for the fact that the swirling mean flow is nonuniform and originate from the vorticity equation (see
Equation (2.54).
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and
(2.63)
Trad,n =
0, Q
STA 1 STA 2
W V
aa2
U
pix V2
Wi '
aL2
U
=rot CX 02R cos2 
W2
+- x 0 = o X= 0 x = + 00
Figure 2-6: Actuator disk model for an axial rotor blade row.
following matching conditions at the actuator disk location hold in non-dimensional form
V,1 = V,2 (2.67)
V 2 = 1 + V2 - tan #2  (2.68)
Pt 2 - Pt1 = 1+ (tan32 -tana1) Vx1 - LR - Arot I + OT7 019
(2.69)
(1+ R +9 ) LB = Lg (Vi, Voi). (2.70)
The rotor total pressure loss is dependent on the axial and the tangential velocities at the inlet of the
rotor. Using the velocity triangles this loss dependence can be written in compact form as L" (tan #1). The
steady-state rotor loss is modified by a first order time lag which is proportional to the convection time
through the blade passage such that
TR = Tu c (2.71)
R cos -Vx
The proportionality constant r, has been found to range between 1.0 to 1.54
Linearizing the above equations, taking the Laplace transform and using the n-th harmonic flow pertur-
4 Hlaynes et al. [35] experimentally determined the proportionality constant in a three-stage low-speed axial compressor.
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bations gives
x1,, = Vx2,n (2.72)
Po2,n = fx2,n tan32 (2.73)
P2,n + V 02 V02,n - P1,n - V 0 1 Voi,n = (tan #2 - tan ai - Arot (s + jn)) - V21,,
8L" Voi,n - tan 1 Vo,,
- (2.74)
atan,31 V + (1 TR(s + jn)) '
where the relative inlet swirl angle perturbation 6tan#1 is expressed in terms of the axial and tangential
velocity perturbations. The above derivative of the rotor total pressure loss with respect to tan #1 can also be
expressed using the derivative with respect to flow coefficient as it is commonly used in the Moore-Greitzer
modeling framework:
aL** aL** 1R _ R -(2.75)
Otan #1  0# (tan ai - tan31) 2
Equations (2.72) to (2.74) can be cast into a transmission matrix which relates the upstream spatial harmonic
flow perturbations at STA 1 to the flow perturbations downstream at STA 2 such that
6Vx21 Vin
X0o2 (0, S) = Brot,n - oin (S) ,(2.76)
6P2 n1,n
where the n-th harmonic transmission matrix for a rotor blade row is defined as
1 0 0
tan 32 0 0
tan 02 - tan ai - Arot (s + jn) 1 +V 1
± tan3ta/1 tai V,41+TrR(s+jn)) +Vol(2.77)
+ anW tan(1 --+n) - V02 tan #32Latan/ 1 V.(1+7R(s+jn))
Radial Impeller
In the case of a radial impeller Equations (2.72) to (2.74) need to be modified to account for effects of slip
and backsweep and changes in area and density5 . Figure 2-7 depicts the geometry and velocity triangles of
a radial impeller.
Slip is a fundamentally inviscid flow effect. One way to explain slip is to consider the relative eddy.
The method of Stodola (1927) comes from this consideration. Assuming that the inlet flow to the impeller
is irrotational and the flow inside is inviscid, then at the exit the vorticity (equal to the relative eddy) is
5 Due to the high pressure rise across the impeller the density at the impeller exit increases. It is then kept constant in the
downstream region (incompressibility assumption)
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Figure 2-7: Actuator disk model for a radial impeller.
wX =-2Q. The blade passage width at the exit is approximately
b = 2rR2  2 , (2.78)N ---
where N is the total number of impeller blades and X2 is the impeller exit blade metal angle also called
backsweep. The slip velocity is related to a peripheral velocity vp about a loosely defined eddy of diameter
s and vorticity wx. Inside the blade passage the velocity normal to the blades is negligible so that the slip
velocity v, is the peripheral velocity v, such that
V = V, and vP irb = wo 7r . (2.79)
The Stodola expression for the slip factor ow then becomes using Wiesner's definition
w S 7r cos X2 (2.80)
U2 N
This form has found widest acceptance for large blade backsweep. Wiesner's empirically defined slip factor
(1967) stems from an exhaustive examination of data and is given by
0-w = 1 - N .7 (2.81)
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Stanitz (1952) derived a slip factor from numerical calculations for six impellers and found the form
1.98 (2.82)
OW = 1 -N 2.2N
The Stanitz form shows no dependence on backsweep and the range of validity was found to be for backsweep
angles smaller than 450.
If the rotary stagnation pressure is conserved from p* = pt - pQRV = const, the steady-state isentropic
total pressure rise in the impeller can be written as
0 = P -P = V2 - R1 VO . (2.83)
pU2 R2
The unsteady blade passage inertia term is obtained from the integration of the 1-dimensional momentum
equation along a passage streamline giving
APt,unsteady = - 9 + W(s, T) ds .
11 .o9r 490
Using conservation of mass and assuming a linear change in area-density ratio along the passage streamline,
the unsteady total pressure rise devoted to accelerating the fluid in the passage becomes
f 82 p2 A2  (OVr2  OVr2  (DVr2  OVr2
APt,unsteady = - ds - + =l -imp - + .
,1 p(s)A(s) OT 0 m Or 00
(2.84)
The impeller inertia term is defined as
Aimp - ARp -log(ARi-p) Simp , (2.85)
ARimp - 1
where ARip = is the impeller area-density ratio and simp is the mean passage length in the stream-
wise direction. The impeller inlet and exit areas are
A 1 = hi . (2.86)Nm
A 2 = h2 - 27 - timp , (2.87)(Nm + Ns
with Nm and N, being the number of main blades and splitter blades respectively, h being the blade height
and timp the blade trailing edge thickness.
The matching conditions across the radial impeller actuator disk can be written using the above deriva-
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tions and yield, in non-dimensional form,
Vi = ARimp Vr 2  (2.88)
V2 = O'W + Vr 2 * tanX2 = 1+V2 *tan 32  (2.89)
Pt2 - Pti = 1 + Vr2 - tan32 - RVi -tan ai - Limp - Aimp OV2 + 0142 (2.90)R2 or- 890
(1 +rimp, + (]) Limp = Ls"*p(tan#1) . (2.91)
The impeller time lag Timp is proportional to the convection time through the blade passage and is approx-
imated by
2 s~m
Timp = Tu - +" w , (2.92)
W1 + W2
with the proportionality constant ru. Analogous to the axial rotor blade row actuator disk model the above
equations are linearized, Laplace transformed and cast into a transmission matrix giving
6Vr2  Vx1,n
3172 (6, s) = Eimp,n - 1Voi,7 (s) . (2.93)
n=o~
6P 2  P1,n
The n-th harmonic transmission matrix for a radial impeller is defined as
1/ARimp 0 0
tan 32/ARimp 0 0
(mp,n = a 2 - L tan ai - Aimp (s + jn) -Ota3 1 V(1+ri("+jn)) + i1 en,
-Vr2 - V0 2 tan #2 )/ARimp (2.94)
BL!;"n, tan #1 
-]
t +anom ±7('+rjmp("+jn))
where the impeller total pressure loss derivative with respect to tan 31 can be expressed in terms of the
derivative with respect to the radial velocity at the impeller exit Vr2
L*_ aL** R, 1Zmp zmp 1(.5
&tan31  OVr 2  R 2 (tan ai - tan# 1 ) 2ARimp (2.95)
The derived transmission matrices can be stacked together with other components. The transmission
matrices for a stator and a vaned diffuser are determined similarly as outlined next.
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2.3.4 Stator/Diffuser Actuator Dynamics
Axial Stator Blade Row
The axial stator blade row actuator disk model is derived analogously to the axial rotor actuator disk model.
The matching conditions for general upstream and downstream flow conditions as shown in Figure 2-8 for
STA 1
V1
U
W1
Xsta=
9
STA 2
V2
02' U
W2
4- X= - o X = 0 x = + 0o
Figure 2-8: Actuator disk model for an axial stator blade row
a stator row are
Vx1 = Vx2
V 2 = V2 *tan a 2
(2.96)
(2.97)
(2.98)
(2.99)
- Ls - Asta a
i9rPt2 - Pti =
1 + rs.- Ls =
where the stator total pressure loss is dependent on the axial and tangential velocities at the stator inlet.
Using the velocity triangles this dependence can again be written in compact form as L" (tan ai). The time
delay TS which characterizes the unsteady loss effects is approximated by the stator passage flow-through-
time such that
cX
Ts =TU* R cos yVx (2.100)
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Linearizing and taking the Laplace transform of the above equations, the matching conditions for the n-th
harmonic flow perturbations can be cast again into transmission matrix form giving
1 0 0
1 sta,n tan a 2  0 0 -*e " .I s+ an _V72tana2 -an ,1 -+Vit1 a[Asa S+ tanai V.(1+rss) 92 tancl V,(1+-rss)j (2.101)
The stator total pressure loss derivative with respect to tan ai can also be expressed using
with respect to the flow coefficient
OL* - L** -1
Otanai 8# (tan ai - tan#1) 2
the derivative
(2.102)
The flow perturbations downstream of the stator at STA 2 can be computed by summing up the harmonic
transmission matrices which are multiplied by th upstream Fourier coefficients of the flow perturbations,
such that
Vx2 Vx1 ,n1
6V2 (0, s) = : Estan - Vin (s) .
n=oP~
6P2 Pi'n
(2.103)
Radial Vaned Diffuser
With a few modifications, the radial vaned diffuser actuator disk model is similar to the axial stator blade
row model. Changes in area and density are accounted for as in the impeller. Figure 2-9 depicts the vaned
diffuser geometry and velocity triangles.
Figure 2-9: Actuator disk model for a radial vaned diffuser.
The continuity matching condition is readily obtained by including the area-density ratio ARdif = P2 A 2
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With the same assumptions made for the radial impeller the unsteady total pressure difference needed to
accelerate the fluid inertia in the diffuser passage is
APt,unsteady = -
s2 p2A2 
-Vr2/l p 2s ds - = -Ad
]si p(s)A(s) r
with the diffuser inertia term defined as
ARdif - log(ARdif)
Zdf ARdf ' 1 .sdif .
ARd g - 1
The mean diffuser gas path length is sdif and the flow areas are given by
27rR 1A1 = hi cosxNdif
A 2 = h 2  27rR 2(Ndir - tdif) coSX2 ,
where Xi and X2 are the diffuser leading edge and trailing edge metal angles, h is the diffuser vane height
and Ndif is the total number of diffuser vanes.
The matching conditions across the vaned diffuser actuator disk become with the above terms
VrI = ARimp Vr2
(1
V2 = V2 - tan a2
OVr2Pt 2 - P = - Ldif - Adif e
9T
±Tdif j Ldi = Ldf (tan ai)OT i di
(2.108)
(2.109)
(2.110)
(2.111)
The diffuser time lag -rdif is proportional to the convection time through the diffuser passage and is approx-
imated by
rdif r ' 2 Sdif
V 1 + V 2
(2.112)
The transmission matrix is then found by linearization and becomes for the radial vaned diffuser
1/ARdif
tan a2/ARdif
-(Adif S + Vr 2 + V0 2 tan a2 )/ARif +Vr1i
OLssdif tan al
±tan al V, I(1+rdif s)
0
0
aLs'"d -
Otanck 1 V,1(1+rdifs) + Voi
The downstream flow perturbations can be reconstructed in terms of the upstream spatial harmonic Fourier
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Vr2 (2.104)
(2.105)
(2.106)
(2.107)
13difn =
0
0
1
(2.113)
coefficients of the flow perturbation by summation:
6Vr2 1 Vr1,n
0V2 (0, s) = Baif,n - 1,n (s) .
n=o ~
6P 2 [ P,n
(2.114)
Radial Vaneless Diffuser
A centrifugal compression system can also incorporate a vaneless diffuser. A simple model for a vaneless
diffuser can be developed by adopting the swirling flow dynamics discussed in Section 2.3.2.
Assuming inviscid and 2-dimensional flow the mean background flow in the vaneless diffuser can be
represented by a free vortex flow (see Equation 2.49) as it is depicted in Figure 2-10. The 2-dimensional,
V2 V02 Vr
Figure 2-10: Actuator disk model for a radial vaneless diffuser.
unsteady linearized swirling flow solution and the corresponding transmission matrices (see Equations 2.59,
2.63 and 2.64) can be used to construct the transmission matrix for the vaneless diffuser. The n-th harmonic
spatial Fourier coefficients of the flow field perturbations in the vaneless diffuser are given by
V n Dn(s)
O n (s) = Tra,n(r, s, Q, F) En(s)
Pn Fn(s)
(2.115)
where F and Q are the circulation and the flow rate constants of the free vortex background flow. Linking
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the upstream flow perturbations at STA 1 to the ones downstream at STA 2 yields the transmission matrix
for the radial vaneless diffuser
IBvisd,n = Tra,n(r2, s, Q, F) - Trad,n(rl, S, Q, F)-- -en . (2.116)
2.3.5 Transmission Matrix Stacking
All transmission matrices necessary to model the different components are defined and can now be stacked
together to build the compression system model. To illustrate the stacking procedure a single-stage axial
compressor is considered here. The model is comprised of an upstream duct, rotor and stator blade rows
separated by an inter-blade row gap, and a downstream duct as depicted in Figure 2-11. Since there is
STA0 1 2 3 4 STA 5
Flow
x
Upstream Duct Rotor Gap Stator Downstream Duct
Figure 2-11: Single-stage axial compressor model.
no plenum in the compression system the 6 averaged mass flow is constant and only spatial harmonic
perturbations with n > 0 are considered. Assuming a uniform background flow the spatial harmonic flow
perturbations are decoupled from each other and the modeling can be conducted on a harmonic by harmonic
basis. To analyze the n-th harmonic flow perturbations of the compression system an n-th harmonic system
matrix is created by stacking the n-th harmonic transmission matrices of the individual components.
Starting upstream at STA 0 the n-th harmonic flow perturbations at the rotor face (STA 1) can be
written using the transmission matrix for an axial duct as
Vi,n A,,s)
oin (s) = Tax,n(Xi,S,V ,V ) - B(s) . (2.117)
1,n Cn(s)
The steady background flow quantities in the upstream duct V7u and Voup are needed to construct the
transmission matrix and are assumed to be known from a mean flow calculation. For convenience the mean
flow variables are dropped in the matrix definitions from now on. The flow perturbations downstream of
the rotor are readily written using the axial rotor transmission matrix Brot,n. In order to link the flow
perturbations at STA 2 to the ones at STA 3 upstream of the stator the transmission matrix across the gap
67
Egap,n can be defined as
Egap,n = Tax,n(X3, s) - Tax,n (X2, S) , (2.118)
using the axial duct transmission matrix and its inverse. Note that if x 2 = X3 the gap dynamics vanish
(Egap,n becomes unity) and the rotor and stator actuator disks are directly coupled. The stator actuator disk
and the downstream duct transmission matrix are linked together analogously, such that the downstream
duct modes Al", Bd" and Cdn yield in terms of the upstream duct modes A"P, B"P and CnP
An(s) Ans)
Bn (s) =Tax,n(X4, S)_ - sta,n(s) - Egap,n(s) - Brot,n(s) ,Tax,n(zi, s) - Bn(s) .
C' (s) d C' (s)u (2.119)
A system transmission matrix Xsys,, can be defined as
Xsys,n(s) = Tax,n(X4,S) ) - sta,n(S) - Bgap,n(s) - Brot,n(s) - Tax,n(Xi, S) . (2.120)
There are only three equations for the six unknowns [A, B, C]"p and [A, B, C]d" which implies that, in order
to solve for the system eigenvalues s, three boundary conditions need to be defined.
2.3.6 Boundary Conditions
The boundary conditions inherently depend on the modeled system and have to be determined individually
to the compression system. For the single-stage compressor model above there are two possible sets of
boundary conditions depending on the presence of a downstream plenum and the length of the ducts. The
boundary conditions for the above system are derived next for infinite ducts and for ducts with finite length
and a downstream plenum.
Infinite Length Ducts
Considering upstream and downstream ducts of infinite length the following boundary conditions are defined.
An examination of the upstream duct solution6 (see Equation 2.44) shows that the general flow field solution
consists of two potential modes A, and Bn and a vortical mode Cn. Since vortical information can only be
propagated in the flow direction and there is no vorticity created upstream of the compressor, no vorticity
will be present in the entire upstream region. Therefore for this case it is appropriate to set C" = 0 in the
upstream region. The remaining two modes of the system correspond to potential (pressure) modes, one
growing and the other decaying in the axial direction. Potential perturbations which grow with distance
from the compressor in the upstream direction are not physical, since the compressor is the only source
6 Considering only spatial harmonic perturbations with n > 0.
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of wave energy being considered in this compression system. Therefore B"P is set to zero in the upstream
region as well. Downstream of the compressor the same argument is made and An" needs to be set to zero
to eliminate potential waves that grow with distance from the compressor in the downstream direction.
In summary for all harmonics with n > 0 the two upstream and one downstream boundary conditions
are
B 0 and Ai"(s) = 0. (2.121)
Using the system transmission matrix Xsys,n from Equation (2.120) the boundary conditions can be written
as
[01 [- -~s [An(s)10 EC -Xsys n(s)  s
0 = Ba(s) , Vn>0, (2.122)
L0 
- C (S) Ju
where the inlet and exit boundary conditions are
0 1 0
IC = and EC = [1 0 0] . (2.123)
0 0 1
Downstream Plenum
The downstream boundary condition needs to be changed in the presence of a plenum at STA 5. Since
the plenum dimensions are much larger than compressor and duct dimensions the flow in the plenum is
approximately spatially uniform. So spatial harmonic pressure perturbations with n > 0 are set to zero at
the inlet of the plenum. This yields the downstream boundary condition
Pn(X5 , s) = 0, V n > 0. (2.124)
This can again be expressed in terms of (An, Bn, Cn)sp and the exit boundary condition EC of the following
form
EC = [( -V2 - jV) e"I 5 , (+ - +jo) e--4 5 , ] , V n > 0 .
(2.125)
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2.3.7 The Eigenvalue Equation - A Dispersion Problem
Imposing either of the above set of boundary conditions on the system transmission matrix Xys,n from
Equation (2.120) yields a homogeneous system of equations of the form
An(s)
Ysys,n(s) - Ba(s)
Cn(s)J
01
0K
[OJ
with Ysys,n(s) = [ECXss n (s
IC
(2.126)
This has a non-trivial solution only if the matrix has a determinant equal to
equation for each spatial harmonic number n of the form
det{Ysysn(s)} = 0 ,
zero giving an eigenvalue
V n > 0 . (2.127)
The eigenvalues s of the modeled compression system are found by solving the above equation. The
eigenvalue equation is in the form of a dispersion problem and cannot be analytically solved: although the
equation looks simple the solution is non-trivial since both the eigenvalue s and the function Ysys,, are
complex.
2.4 Numerical Procedures for the Dispersion Problem
In this section two procedures are presented to solve for the system eigenvalues in the dispersion problem
of Equation (2.127). The first method utilizes graphical means to determine the location of the system
eigenvalues in the complex plane. The second method, called the shot-gun method, is a new efficient
numerical approach to the problem.
2.4.1 Graphical Procedure: The Contour Plot Method
Breaking up the dispersion problem into its real and imaginary parts Equation (2.127) becomes
Re (det{fYsy s, 0(s)}) = 0 , and Im (det{Ysys,,(s)}) = 0 ,
with the eigenvalue s = o- - jw. In the phase plane each of the above equations yield zero-contours which
are determined by the intersection of the hypersurfaces Re(det{Y sys ,n(s)1) and Im(det{jYsys,a(s)}) with
zero. Hence solutions (o-, w) to the two equations are intersections of the zero-contours of the hypersurfaces
and can be found graphically. This is sketched in Figure 2-12. Practically the domain of interest in the
complex plane7 is discretized and the determinant of Ysys,n is computed at each grid point (oi, o3 ). The
7 A priori knowledge of the approximate eigenvalue locations can help narrow down the domain of interest.
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(2.128)
01)
Im( det{Yy,,(s)} ) = 0
1Pjz( det{Y,y,, (s)} ) = 0
Figure 2-12: Contour plot method.
zero-contours are then readily plotted and the eigenvalues are found at the intersection points. Depending
on the grid size and required accuracy this graphical procedure can be quite computation time intensive.
One method to reduce computation time is to use a coarse grid for the evaluation of the determinant (most
computation intensive step) and then to interpolate the obtained hypersurfaces onto a finer grid. The
contour plot method is an efficient means to obtain a global view of the solution at moderate accuracy,
especially when the range and number of eigenvalues is unknown. An iterative implementation of this
method can yield accurate determination of the system eigenvalues.
2.4.2 Numerical Procedure: The Shot-Gun Method
The major disadvantage of the contour plot method is the high computation time involved. An alternative
and powerful method is the Nyquist criterion which only requires evaluation of the determinant around
a contour and gives insight on the behavior of the determinant inside the contour. This method is very
efficient if there is a priori knowledge of the eigenvalue location (for example neutral stability point with
a = 0). However it is more involved if one needs to accurately determine the eigenvalues without any
information or constraints on their location.
This situation motivated the development of a new, highly efficient and accurate numerical method
called the shot-gun method. The main idea behind the method is to evaluate the determinant only at a
few selected points in the complex domain. In other words the idea is to fire a random pattern (i.e. with
a shot gun) iteratively at the complex domain. In each new round the number of shots is reduced by one
and the shot-gun is aimed at a new target point which is determined by minimizing a cost function. This
is sketched in Figure 2-13. In the last round the solution converges to the last shot and the eigenvalue to
be determined is the last shot.
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Figure 2-13: Shot-gun method.
More generally speaking the shot-gun method is an algorithm to find the zeros of a multi-dimensional
mapping function. In the dispersion problem considered here the mapping function is
f : C -* C , with f det{Ysys,,} .
Assuming M shots in the first round k = 1, the shot-gun will be fired a total of M times and each time the
number of shots is reduced by one.
The first target point at which the shot-gun is aimed needs to be specified and is denoted as C1 . M
randomly distributed shots sm are then placed inside the circle B., where the initial radius R1 is also
specified. The shot-gun is fired and the mapping function f is evaluated for all sm. In order to determine
the new target point Ck and new shot-gun radius Rk, the value function Jk- 1 is introduced for each shot
m k-1, m = 1,...(M - k + 1), such that
1
k-1 2 , )M (em )2
where e.m = ||f(sm 1)|2 (2.130)
is the error of each individual shot. The new target point Ck is defined as the center of gravity of the last
set of value functions Jk-1 yielding
M-k+1 M-k+1
Ck = j (s -J-1)/ S -1
i=1i
V k > 1 . (2.131)
The shot-gun radius Rk is then updated by reducing the prior radius Rk-- by a distance proportional to
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(2.129)
Cy
BRk-1
the distance between the new target point Ck and the shot with the minimum error of the prior set k - 1:
Rk = Rk 1 - p -| Ck - smi ||2 , (2.132)
with
s = mi {ek 1} . (2.133)
The contraction constant p can be freely specified and is set here to 3. The new set of shots s m is then
randomly distributed inside the updated shot-gun circle BR, such that
m BR k V m < M - k . (2.134)
To guarantee a convergence within a certain tolerance the shot-gun can be reloaded if the final error is greater
than the specified tolerance. Also, if multiple eigenvalues need to be found in the domain of interest, multiple
shot-guns can be implemented with different initial target points, each converging to a different attractor in
the complex domain. The above procedure is not limited to a mapping function from C to C as discussed
here, and it can be implemented for any multi-dimensional mapping function f.
In summary the shot-gun procedure yields a fast and accurate method to determine the eigenvalues of
the dispersion problem Equation (2.127). Compared to the contour plot method the computation time of
the shot-gun method is greatly reduced while increasing the accuracy of the solution.
2.5 Validation of Model II
To gain confidence in Model II and the numerical procedures two examples are presented and compared
to analytical solutions and results reported in literature. In the first example the classical Moore-Greitzer
formulation is implemented in Model II and solved using both the contour plot method and the shot-gun
method. In the second example a vaneless diffuser is considered and the small perturbation flow field
solution is compared to results by Inoue and Cumpsty [43].
2.5.1 Example I: Classical Moore-Greitzer Formulation
The classical Moore-Greitzer formulation assumes infinite length ducts and a single semi-actuator disk model
for the compressor as depicted in Figure 2-14. Using Equations (2.1) and (2.4) the linearized compressor
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Figure 2-14: Classical Moore-Greitzer model approach for a generic axial compressor.
equations become
P2- 6Pt1 _ S6 -6LRo
(1+ R - + 6LR R 64o19r 86 o
-) 6L 86L*(1+-rs- aoLs= sop.
- 6S A060 - 060
-5Ls-A --T06 B
(2.135)
One can write for the upstream duct
T -n 6Pi,(9r
and for the downstream duct
(2.137)=T n 6P2 .Or
Combining Equations (2.135), (2.136) and (2.137) and assuming a periodic solution in 0 for the flow coeffi-
cient perturbation
64(x, 6, s) = #4(z, )e "n (2.138)
yields the following cubic eigenvalue equation for each non-zero spatial harmonic n
+ 21 s
n j [& t00ts +6L* n1 + TR (S ± in) 1 + rS S - Ain V n > 0 (2.139)
The linearized Moore-Greitzer solution can be obtained by setting the unsteady loss lags to zero and using
the total-to-static pressure rise coefficient Vts = V - LR - Ls. This yields for the n-th harmonic compressor
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(2.136)
4 x = - Oo x =  00
mode s =ao- - j -
p+Un n
In this simplified case the compression system
a negative slope of the total-to-static pressure
for a positive slope (positive growth rate).
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Figure 2-15: Classical Moore-Greitzer formulation for a generic axial compressor: analytical solution (o), shot-gun method
solution (+) and contour plot method solution using Model |1 for spatial harmonics 1, 2 and 3.
Returning to Equation (2.139) the three eigenvalues that satisfy this equation correspond to an n-th
harmonic compressor pre-stall mode similar in nature to the "classic" solution above and two additional
modes related to the effects of unsteady rotor and stator loss respectively. The solutions for the first three
harmonics of the generic axial compressor are shown in Figure 2-15 (circles) for an operating point at peak
pressure rise and using A = 1.08, p = 1.788 and T = 1. Due to the unsteady loss lags, the compressor
pre-stall modes are stable at the peak of the pressure rise characteristic.
The same generic compressor was implemented in Model II and both numerical procedures were used
to solve for the first, second and third system eigenvalues. Using the contour plot method the solutions are
found at the intersections of the zero-contours of the hypersurface of the real part with the hypersurface
of the imaginary part. This is plotted in Figure 2-15 for the first harmonic only using solid and dashed
lines respectively. The lightly dotted lines indicate singularities on the hypersurfaces which do not yield
intersection points. The shot gun method was also used to determine the system eigenvalues and the
eigenvalues found are marked with pluses. Both numerical procedures match the analytical results very
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accurately, giving confidence in using Model II and the numerical methods.
2.5.2 Example II: Jet-Wake Type Flow Perturbations in a Vaneless Diffuser
Model II is used in this example to analyze unsteady flow perturbations in a vaneless diffuser. The distur-
bances entering the diffuser are specified at the outlet of an impeller with a finite number of blades. Using
Model II with a harmonic number equal to the impeller blade number allows the analysis of the fundamental
disturbance, the jet-wake type flow nonuniformity as sketched in Figure 2-16.
Plenum
-- 
-- ~ 
--- ~ R 3
Vaneless Diffuser
-R2 n= N
Impeller
Figure 2-16: Schematic of vaneless diffuser with jet-wake flow non-uniformity.
In order to analyze the nonuniform flow discharged from the impeller it is convenient to use a coordinate
system fixed to the rotating impeller frame so the flow may be considered steady. Using the transmis-
sion matrix developed for a vaneless diffuser in Section 2.3.4 the spatial Fourier coefficients of the flow
perturbations in the relative frame can be written as
W n Dn
Won Trad,n(r, -jn, Q, IF) En . (2.141)
Pn Fn
To determine the flow perturbations in the vaneless diffuser three boundary conditions are required. As
assumed by Inoue and Cumpsty [43] the flow enters the vaneless diffuser from the impeller at the non-
dimensional radius R 2 = 1 and leaves into a large plenum or to the atmosphere at R3 = 1.5. Since the
plenum dimensions are much larger than the diffuser dimensions the static pressure perturbation in the
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plenum is taken to be zero
P, (R 3 ) = 0 . (2.142)
The other two boundary conditions can be chosen from flow parameters at the inlet of the diffuser. To
compare the calculation with results obtained by Inoue and Cumpsty [43] the radial and circumferential
velocity perturbations at the inlet are used. If the relative flow angle at the diffuser inlet is circumferentially
constant and equal to that of the mean flow the boundary conditions can be written as
Wrn(R2) = 1-" and Won(R 2 ) =
Using these boundary conditions and Equation (2.141) the irrotational and rotational modes Dn, En and F,
can be found and the mode shapes of the flow perturbations in the vaneless diffuser are easily reconstructed
for any radial position r between R 2 and R3 . This is implemented for the impeller used by Senoo and Ishida
a) Radial Velocity
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Figure 2-17: Model Il results: behavior of fundamental flow disturbances (n = 20) in vaneless diffuser for Q = 0.215 and
F = 0.7032.
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[72] which is comprised of 20 blades with a backsweep of 54.10. The flow rate and circulation constants for
the exit flow are Q = 0.215 and ' = 0.7032. n is set to the blade count N = 20.
The behavior of the flow disturbances are shown in Figure 2-17 for radial locations r = 1.0, 1.05, 1.1,
1.15 and 1.2 which are normalized by R 2 . The velocity perturbations are normalized by their magnitude
at diffuser inlet and the total and static pressure perturbations are nondimensionalized by the magnitude
of the perturbation of the relative dynamic head at diffuser inlet. The mode shapes of the perturbations
at diffuser inlet (r = 1.0) are marked by thick solid lines. Figures 2-17 a) and b) show the circumferential
distributions of the radial and relative tangential velocity fluctuations at various radii. The radial velocity
fluctuation attenuates rapidly, while the relative tangential velocity grows at small radii and then attenuates.
The phase angle between radial and tangential velocity fluctuation is not maintained at 1800 which means
that the relative flow angle becomes circumferentially nonuniform. This situation is shown in Figure 2-18.
The full circles correspond to the mode shapes at the normalized radial locations depicted in Figures 2-17 a)
and b). The circumferential distributions of the total and static pressure fluctuations are shown in Figures
1 ,
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Figure 2-18: Top: magnitude of radial and relative tangential velocity perturbations; bottom: phase difference between
radial and relative tangential velocity perturbations.
2-17 c) and d). At the inlet (r =1.0) the total pressure is high (jet) at the circumferential position at which
the static pressure is low and vice-versa (wake). The total pressure distortion increases in amplitude from
inlet to r = 1.05 and then decays gradually. A more detailed discussion on flow perturbation in vaneless
diffusers and radially swirling flows is given in Chapter 5.
The Model II results compare exactly with calculations by Inoue and Cumpsty [43] who conducted
a small perturbation analysis of nonuniform rotating disturbances for the same geometry. The obtained
results give confidence in using the transmission matrices developed for radially swirling flows.
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2.6 Summary
Two types of models have been introduced in this chapter. Model I is based on a single semi-actuator
disk approach and uses a compact model formulation. Model II was developed using a multi-actuator disk
approach rendering flexibility and efficient modeling capability. Two numerical procedures were developed
to solve for the system eigenvalues using Model II: the contour plot method and the shot-gun method. A
brief summary of the model features and numerical methods is given below.
Model I
The main feature of Model I is that the compressor is represented by a single semi-actuator disk. Hence
the model is limited to one or multiple directly coupled actuator disks. In either case the compressor is
bounded by an upstream and a downstream duct.
The model can be expanded to include effects of air injection and / or tip-clearance. The general model
formulation allows to solve for the steady background flow field through the compression system by dropping
all temporal derivatives. In the case of steady or unsteady tip-clearance effects this background flow field
can be distorted.
Assigning states, input and output quantities the linearized model equations can be transformed into a
set of state-space matrices A, B, C and D. Classical linear control theory can be applied for active stall
control purposes. In open loop, unforced form the A matrix can be used for a dynamic system stability
analysis around a steady state operating point.
The advantage of Model I is its compact form and its efficient solution procedures found in linear algebra
and control theory. The major disadvantage is that modifications to any of the system components results
in rewriting the entire set of system equations and the state-space matrices. The user must know a priori
what needs to be included in the compression system model to avoid any additional modifications. Hence
Model I compromises modeling flexibility for a compact form.
Model II
In order to render flexibility and an efficient modeling capability that can be applied to any compression
system a new modular approach was developed. In Model II each system component model is cast into a so
called transmission matrix which can be linked to any other system component. This enables an efficient
and flexible modeling of any kind of compression system. Modifications, additions and expansions to the
model can be easily made.
Model II is well suited for a dynamic system stability analysis in the frequency domain. In addition
unsteady flow perturbations throughout the compression system can be computed. Mode shapes can easily
be reconstructed from fundamental component modes and system eigenvalues. Model II has not been cast
into state-space form to conduct a control theoretical analysis in the time domain. However an input-output
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form in the frequency domain can be used for control purposes and forced response simulations.
System components such as axial ducts, radial spaces, axial rotor and stator blade rows, impeller blade
rows and vaneless or vaned diffuser blade rows can be considered. Stacking all component models (trans-
mission matrices) yields a single system transmission matrix. Applying appropriate boundary conditions
to this system transmission matrix leads to a dispersion problem in terms of an eigenvalue equation. The
solution of the dispersion problem is often non-trivial and special numerical procedures need to be applied.
Numerical Procedures
Two solution methods have been developed to efficiently solve the dispersion problem. The contour plot
method utilizes graphical means to determine the location of the system eigenvalues in the phase plane.
It is an efficient procedure to obtain a global view of the solution at moderate accuracy. It is suitable
in situations when the range and number of eigenvalues is unknown. An iterative implementation of the
contour plot method can yield an accurate determination of the system eigenvalues at the cost of higher
computation times.
The second method, the so called shot-gun method, is a highly efficient and accurate numerical method
that iteratively finds the system eigenvalues. More generally speaking it is a fast algorithm to find the zeros
of a multi-dimensional mapping function. It guarantees convergence to a single solution point, which in
this case is an eigenvalue in the phase plane. If multiple eigenvalues need to be found in the phase plane,
multiple shot-guns can be implemented with different initial target points, each converging to a different
eigenvalue. Compared to the contour plot method the computation time of the shot-gun method is much
less while yielding higher accuracy.
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Chapter 3
Analysis of Aerodynamically Induced
Whirling Forces in Axial Compressors
3.1 Introduction and Background
Non-uniform engine tip-clearance distributions, due for example to a compressor shaft offset from its casing
centerline or whirling in its bearing journal, can induce destabilizing rotordynamic forces. These forces stem
from the strong influence of the tip-clearance on the local performance of the compressor. As first reported
by Smith [76], reduced compressor tip-clearance yields increased compressor pressure rise. In the case of
an offset compressor shaft blades passing through regions of small tip-clearance experience higher blade
loading and generate more lift than blades operating in the large tip-clearance region. This results in two
major effects: a net tangential force which is referred to as the aerodynamically induced cross-coupled force
FO and a net radial force due to the non-uniform rotor spool pressure loading denoted as the direct-coupled
force Fr. These effects are sketched in Figure 3-1 a) and Figure 3-1 b) respectively. The direct-coupled and
cross-coupled forces can have a stabilizing or a destabilizing effect on the compressor rotor depending on
the relative phase between the displacement vector and the force vector.
Early studies conducted by Thomas [87] and Alford [4] on axial flow turbines with statically deflected
rotors resulted in the postulation of a purely tangential destabilizing reaction force. The so called Alford
or Thomas force model is based on a cross-coupled stiffness coefficient KrO (tangential force FO induced on
the rotor per unit radial deflection Ae). The normalized cross-coupled stiffness # is defined as
D lS Kro - T (3.1)
where T denotes the stage torque, D the mean wheel diameter and 1 the blade span. Alford originally
derived the value of 3 to be equal to the change in thermodynamic efficiency per unit change in normalized
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Figure 3-1: Aerodynamically induced forces on a compressor rotor.
clearance. In fact, that perspective has been shown to be inappropriate, and considerable analytic and
experimental effort has been undertaken to derive more accurate and appropriate formulations. In practice
# has become an empirical factor to match computational predictions to experimental data. If 3 is positive,
the net tangential force on the rotor FO is in the direction of shaft rotation inducing forward whirl. Similarly,
a negative # indicates backward whirl tendency. It is recognized that axial flow turbines tend to generate
forward rotor whirl. The early analysis for turbines set the foundation for new research and created an
important empirical factor that is considered in the design of modern jet engines and gas turbines. Several
modeling efforts have been undertaken by many researchers to address the issues of whirl-inducing forces
in both compressors and turbines. A short review is given below.
Colding-Jorgensen [9] reports a quasi-steady approach using an actuator disk compressor model by
Horlock and Greitzer [37]. The net tangential force for an offset shaft is obtained from the Euler turbine
equation. The solution predicts forward whirl for operating conditions near stall as well as at design.
Ehrich [17] predicts rotor whirl inducing forces in axial flow compressors using a parallel compressor
model based on experimental data. The parallel compressor approach splits the compressor annulus into
two halves, modeling one sector with tight tip-clearances (yielding a local increase in stage torque) and
the other sector with loose tip-clearances (yielding a local reduction in stage torque). Unlike the findings
by Colding-Jorgensen [9], the data driven results reveal a strong whirl direction dependence on the flow
coefficient and predict mostly backward whirl near the compressor stall limit and forward whirl close to
compressor choke.
Yan et al. [102] investigate the rotordynamic effect of a statically offset compressor rotor. Their approach
uses empirical correlations to model effects of tip-clearance on compressor efficiency and the Alford # model
predicts backward whirl. Yan et al. also report measurements of a non-uniform static pressure distribution
acting on the rotor spool. Their analysis shows that this "spool pressure loading" contributes to the
destabilizing Alford force.
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A more recent report by Song and Martinez-Sanchez [79] presents a radius scale actuator disk model,
which describes the flow response to a whirling rotor in an unshrouded turbine. The radius scale actuator
disk model couples the solution obtained from a blade scale model [78] to model the distorted flow field
due to non-uniform tip-clearances. The simulations predict cross-coupled excitation forces and non-uniform
pressure distributions acting on the rotor spool which match experimental data well. Song and Cho [77]
have developed a model for compressors following the same approach used for turbines.
3.2 Research Questions
The disparity between the findings and the lack of definitive measurements of cross-coupled excitation forces
in axial compressors have led to an experimental and analytical program in the GE Aircraft Engines Low
Speed Research Compressor (LSRC). The experimental program is described in the following section. Two
important effects, which could not be evaluated in the experimental program and have not yet been modeled
in compressors, motivated the work presented here. In the actual case of a whirling shaft (only static shaft
deflections could be simulated in the experiment), the unstable rotor would be whirling at the offset radius
at the natural frequency of the system. It has been suggested that this whirling might have some significant
effect on the value of the Alford # coefficients. Second, non-axisymmetric pressure distributions on the rotor
spool were identified as a separate forcing source in turbines and its effects were analyzed by Song et al.
[78]. It is important to assess the nature and magnitude of non-axisymmetric pressure effects in compressors
as well. More specifically the following research questions are of interest and are addressed in this chapter:
" What level of modeling detail is needed to capture the experimental observations in axial flow com-
pressors?
" How are compressors different from turbines regarding rotor whirl tendency?
" Can one construct a simple analytical model from first principles to determine the whirl tendency in
compressors and in turbines?
" What drives the destabilizing spool pressure loading and how important is this effect compared to the
Alford force?
* How does rotor whirl frequency affect the aerodynamically induced destabilizing forces?
The new model presented here was developed under these thrusts and applied in the GE Aircraft Engines
LSRC test program. In addition a simple, analytical model from first principles is presented which predicts
the cross-coupled whirl tendency in compressors and turbines.
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3.3 GE Aircraft Engines Experimental Program On Compressor
Whirl
A test program in the GE Low Speed Research Compressor (LSRC) was set up to simulate the eccentricity
of a whirling rotor and to measure the non-uniform flow field induced by the shaft offset. A short description
of the experiment is given here and more details can be found in Storace et al. [84] and Wisler et al. [100].
3.3.1 GE Low Speed Research Compressor (LSRC)
U_ Throttle
4 Stage Test Vehicle Lc
FlowF
IGV RS
Figure 3-2: GE Aircraft Engines Low Speed Research Compressor.
The Low Speed Research Compressor facility is an experimental test cell that duplicates the relevant
aerodynamic features of modern gas turbine engine axial compressors in a large, low-speed machine to
enable detailed measurements of the flow. The axis of rotation of the test compressor is vertical, and the
rig is driven from below by a steam turbine. Air enters the test compressor through the inlet filters and
the bellmouth at the top, is compressed by the test blading in the test section which has a transparent
plastic casing, and is discharged to the atmosphere after passing through a discharge throttle located below
the facility floor (see Figure 3-2). Aerodynamic similarity rules are used in scaling the high-speed airfoils
to their low-speed counterparts. The LSRC has a constant gas path area and constant casing diameter of
1.524 m and is set up with four identical stages in order to simulate the repeating stage environment. The
third stage was the test stage for the work reported here. The blading is of modern design, representative
of the middle and rear block of highly loaded, high reaction (65-70%) HP compressors in commercial gas
turbine engines. The rotor consists of 54 blades with an aspect ratio of 1.2, a solidity of 1.16, a hub-to-tip
radius ratio of 0.85 and a chord length of 95.5 mm. The stator has 74 blades with an aspect ratio of 1.34, a
solidity of 1.43 and a chord length of 85.3 mm. The stators are shrouded and a labyrinth seal inhibits flow
leakage from the trailing edge region through the seal cavity in the upstream direction. Consequently, the
leakage flow field across the rotor tip is different from that in the stator hub. Figure 3-3 depicts the cross
section of the test stage.
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Rotor Tip-Clearance
Stator Shroud Seal Clearance
Figure 3-3: Cross section of the GE LSRC test compressor stage.
3.3.2 Tip-Clearance Conditions
The use of large, precision offset rings and offset bearing supports enabled assembly of the LSRC with
the centerline of the stator casing statically displaced relative to the centerline of the rotor and its drive
mechanism (non-axisymmetric tip-clearance). Tests were performed with two displacements of the casing
centerline: a large displacement of 1.905 mm (AE = 1.66%) and a smaller one of 0.965 mm (AE = 0.84%).
The offset was measured to be accurate to within ±0.102 mm. While the rotor did not actually whirl in
these tests, the static shaft offset was intended to approximate the flow field of a whirling rotor. The effects
of additional forces in an actually whirling rotor are the focus of Section 3.5.4.
In addition, tests were conducted with different circumferentially uniform tip-clearances. The casing of
the compressor is comprised of plexiglas windows mounted on steel frames and these can be moved radially
using shims. Performance measurements were obtained with axisymmetric tip-clearance levels of E = 2.8%
and e = 1.4%.
3.3.3 LSRC Instrumentation and Data Reduction
Steady-State Instrumentation. High-resolution pressure transducers, accurate to ± 0.01% of the full
scale values of either 1 or 2 psi, were used to measure steady-state static and total pressures to determine
overall compressor performance. A strain-gauge torque meter, accurate to ± 0.07% of measured torque, was
used to deduce shaft work input and to quantify compressor efficiency. The flow coefficient measurements
are accurate to within ± 0.15%.
Unsteady Instrumentation. To measure the unsteady static pressures acting on the blade suction
and pressure surfaces, 64 ultra-miniature, high-response Kulite (model LQ-125) pressure transducers were
embedded inside the rotor airfoils. The locations of the Kulites were selected to provide resolution of
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both chord-wise and span-wise gradients. Since the pressure transducers were mounted in seven different
airfoils (structural limitations), great care was taken in time-shifting and synthesizing the data onto one
representative airfoil. The transducer signals were low-pass filtered at 1 KHz and ensemble averaged. A
once-per-rev pulse from an optical encoder in the casing sensed the trigger airfoil and initiated the data
sampling.
A contour map of the measured unsteady differential pressure across the blade surface as it passes
through the point of peak dynamic load is shown in Figure 3-4 for an operating point close to stall. There
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Figure 3-4: Experimentally measured unsteady static pressure difference on the rotor blade surface for a shaft offset of
A= 1.66%, time instant of minimum clearance ([18]).
are two intense concentrations of dynamic activity: one in the outer one-third span of the blade surface and
the other in the inner one-third span. It is conjectured that the activity in the outer one-third span resulted
form the variation in rotor blade tip-clearance induced by the rotor offset as seen by a typical rotor blade in
the course of its rotation. The additional zone of intense activity in the inner one third span is comparable
in magnitude to the activity near the tip and is inferred to result from the variation in flow leakage from
the stator shroud seal clearance (see Figure 3-3) as seen by the rotating blade
Calculation of the 3 Coefficient. The blade loading is obtained by integration of the unsteady
static pressure measurements on the blade surface. The unsteady force is then transformed to the absolute
frame and decomposed into its tangential and radial components. The 3 coefficient is calculated from
Equation (3.1) using the experimentally measured torque. A discussion of these measurements is given in
the following sections.
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3.4 Modeling Approach
This section presents the modeling approach for the aerodynamically induced whirling forces. The new
approach consists of two parts: the 2-dimensional, incompressible tip-clearance compressor model and an
aerodynamically induced force model.
3.4.1 Unsteady Compressor Tip-Clearance Model I
The details of the compressor model I equations were discussed in Chapter 2 and a short description of the
model formulation used for this particular application is given here.
The overall compressor analysis consists of models of the axial inlet and exit ducts, the compressor blade
rows and the downstream throttle as shown in Figure 3-5. The hub-to-tip ratio is assumed high enough and
axial duct compressor axial duct
2-D I 2-D
unsteady unsteady
Euler single semi- Euler
actuator disk
with TC effect
throttle
0-steady
flow in
throttle
Figure 3-5: Tip-clearance compressor model overview.
justifies the 2-dimensional approach with axial and circumferential unsteady flow field variations. Effects
of viscosity and heat transfer outside of the blade rows are also neglected. The compressor is modeled as a
single semi-actuator disk with unsteady inertia and loss terms and the effect of unsteady tip-clearances (for
details see Section 2.2.2). Unsteady deviation effects are not modeled and the relevant Mach numbers are
assumed to be low enough that compressibility effects can be neglected.
upstream compressor duct length L, = 3.58
downstream compressor duct length Ldn = 1.80
throttle duct length Lt 0.01
compressor duct area Ac= 1.019
throttle duct area At 1.019
stage reaction o- = 0.665
ambient pressure P = 25.347
Table 3.1: Non-dimensional LSRC geometry and model input parameters.
The inputs to the model are the compressor geometry, an axisymmetric compressor characteristic and
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its sensitivity to changes in axisymmetric rotor tip-clearance. Table 3.1 and
compressor geometry and the non-dimensional model input parameters. The
IGV Rotor Stator
blade pitch s 0.118 0.116 0.085
blade chord c 0.118 0.135 0.121
blade span 1 0.162 0.162 0.162
stagger angle -y 30.50 -50.40 27.00
exit metal angle x 13.00 -36.60 11.50
blade row inertia A, p 0.150 0.212 0.141
Table 3.2: LSRC blade row geometry.
Table 3.2 summarize the
non-dimensionalization is
carried out with a mean wheel radius of R = 0.705 m, a wheel speed of Q = 80.425 rad/s and a mean
density of of p = 1.17 kg/m3. Figure 3-6 depicts the experimentally measured axisymmetric compressor
characteristics for E=1.4% and c=2.8% 1, along with the characteristics used as inputs to the model (solid).
Assuming linear sensitivity, a family of compressor characteristics can be generated which is bounded by
the maximum and minimum rotor tip clearance characteristics. In addition any steady or unsteady tip-
clearance distribution can be prescribed, e.g. shaft offsets, whirling shafts etc. The compressor operating
point is set by the throttle coefficient.
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Figure 3-6: LSRC compressor characteristics for two axisymmetric tip-clearance levels and compressor performance for a
steady shaft offset of AE = 0.7%: experimental measurements and model prediction.
'Only the casing segments around the rotor blades were radially moved so that these characteristics include only the effect
of axisymmetrically increased rotor tip-clearance.
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The model assumes that the background flow is steady in the reference frame locked to the (possibly
rotating) tip-clearance asymmetry. Hence the steady, non-linear flow field equations are solved in the
asymmetry frame (see Figure 3-7) to obtain the non-uniform background flow. The model outputs the 2-
dimensional, non-uniform distribution of flow coefficient, which is steady in the reference frame locked to the
tip-clearance asymmetry. The entire distorted flow field (axial and tangential velocity and static pressure
distributions through the compression system) is reconstructed and transformed back to the absolute frame.
This flow field (now unsteady) will be used to determine the aerodynamically induced forces on the rotor.
Figure 3-6 also shows the computed mean operating point (o) and the corresponding locus of local
operating points around the circumference (lightly dashed) for a steady shaft offset of Ae = 0.7%. The
measured mean operating points for the small steady shaft offset are marked by (+) 2. Although only the
sensitivity of the compressor characteristic to changes in axisymmetric rotor tip-clearance is used in the
model, the average performance predictions match the offset data quite well. These results give confidence
in using this flow field to predict the forces on the rotor.
3.4.2 Aerodynamically Induced Force Model
Once the unsteady, 2-dimensional flow field has been computed as described above, the aerodynamically
induced forces can be computed. These forces consist of a spool pressure loading and a tangential force due
to asymmetric turning. Simplified expressions for these quantities are derived here, and integrated to get
the net forces acting on the rotor.
The spool pressure loading in the rotor frame is readily obtained from the flow field solution. Since
the compressor blade rows have been modeled as semi-actuator disks, only the static pressure distribution
between the blade rows can be directly computed. The unsteady spool pressure loading pspool (9", t) (where
9" = (9 - Qt) is the tangential coordinate in the rotor frame) is estimated by averaging the static pressures
upstream and downstream of the rotor:
PsPoo (, t) = P1 (9", t) + P2( 9 ", t) (3.2)2
This approach assumes that the blade pitch is much smaller than the wavelength of the circumferential
pressure distribution and makes use of the high hub-to-tip ratio assumption.
To determine the local, unsteady tangential blade loading fo (0", t), an unsteady control volume analysis
is conducted locally in the rotor frame. The advantage of this approach is that any unsteady flow regime
(whirling shaft, rotating stall etc.) can be considered. A control volume is defined in the rotor frame
bounding one blade along the steady streamlines as sketched in Figure 3-8, where the relative velocity
vectors are labeled with w. The blade pitch, blade span, blade chord, mean wheel radius and the stagger
angle are denoted by s, 1, c, R and -y respectively. Generally the vector momentum equation in integral
2 In the experiment with a shaft offset both the rotor tip-clearance and the stator seal clearance are varied.
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form is written for inviscid flows as
0JjpvdV + (pv -n dS)v= pndS + p fb dV, (3.3)
at v av fav v
where v is the velocity field vector, p the static pressure field and fb the elemental body force vector per
unit mass. Assuming incompressible flow through a constant height annulus, applying Equation (3.3) to
the control volume in Figure 3-8 in the tangential direction and replacing the body force integral by the
total blade loading Flo of opposite sign (the body force acting on the fluid is equal to the negative of the
fluid force on the body: fb = -Flo) yields
- p slcos ycj t W012 + p s 1 -wx - (wo1 - w02 ) + Afs, = Apss + Flo. (3.4)
The contributions of the net momentum flux and net pressure force across the stream-wise surface boundaries
are denoted by Afss and Apss respectively. The only pressure terms arise from the stream-wise surface
boundaries since the pitch-wise surface normal n is perpendicular to the tangential direction 9". It is
assumed for the unsteady term that the velocity inside the control volume is equal to the average of the
velocities at stations 1 and 2. The projection of this average velocity in the 9 direction is denoted by WT012-
The expression obtained is fairly complicated and needs to be simplified. Intuitively one can argue that
if the wavelength of the flow non-uniformity is large compared to the blade pitch s, then Afss and Ap~s
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across the stream-wise surfaces should vanish in magnitude compared to the unsteady and the tangential
momentum flux terms. In fact, if the control volume width set by blade pitch s is taken to the limit
R - dO, it can be shown that the stream-wise surface terms are negligible to first order. The local (per unit
circumferential angle), unsteady, tangential blade loading fo can then be written as
fo(o",t) = p R l - w, - (wo1 - W0 2 ) - pRlcos tc { + wo2} . (3.5)2 1{9t
The next step is to integrate the spool pressure loading and tangential blade loading distributions defined
in Equations (3.2) and (3.5) around the circumference. This is done in the rotor reference frame (x", y")
shown in Figure 3-7 to obtain the unsteady forces on the rotor:
f X(t) = -- pSPO( 0 16", t) cos(O") csp R d6"
f S (t) - pspoo0i(0", t) sin(0') csp R dO" (3.6)
f n (t) = + fo(" , t) -sin(0" ) -dO"
f n (t) = -- fo(O", t) . cos(6") - dO"
where the superscripts * and b denote spool loading and blade loading respectively. The spool pressure
load acts on the spool surface of axial length cs, which includes the inter-blade row gaps upstream and
downstream of the rotor. Finally, these unsteady forces are transformed back to the reference frame locked
to the tip-clearance asymmetry using the transformation given in Equation (3.7) to get the aerodynamically
induced forces Fx,, Fy,, Fx, and F ,.
Fx, cos((Q - w) t) - sin((Q - w) t) fx," (t)[F~~ -(3.7)
Fy, sin((Q - w) t) cos((Q - w) t) fyn, (t)
Note that, since the model assumes steady flow in the reference frame of rotating tip-clearances, the aero-
dynamically induced forces are steady in the asymmetry frame.
The magnitude and direction of the four aerodynamically induced rotor forces Fx,, FY,, Fx, and F ,
are discussed next. The main focus will be on the sign of F b F', and their sum, since they determine
the tendency of shaft whirl. Two parameters will be used in the analysis, the Alford # parameter (non-
dimensional Fe,) and a new parameter denoted as the spool loading parameter 3spool (non-dimensional
Fs, ).
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3.5 Analysis of Experimental Results
The model is implemented for the third stage of the four repeating stage LSRC compressor. First, the
Alford # parameter is predicted by the model and compared to experimental results. To generalize these
results, a new parameter denoted as the blade loading indicator is deduced. This parameter determines the
direction of whirl tendency due to tangential blade loading effects in both compressors and turbines. Second,
the nature and magnitude of non-axisymmetric pressure distributions on the rotor spool are assessed and
compared to measurements. Third, a forced shaft whirl is simulated and its effect on the aerodynamically
induced rotor forces is investigated.
3.5.1 Importance of the Alford # Parameter
In the case of a steady shaft offset the tip-clearance asymmetry frame is identical to the absolute frame. The
aerodynamic force model is implemented for the LSRC compressor with a shaft offset of Ac = 0.7%. Also,
incidence and deviation effects are included in the compressor flow model. Deviation was assumed to be
about 5" over the entire flow range and incidence was varied from -50 on the choke side (high flow coefficient)
to +50 on the stall side (low flow coefficient). To analyze the destabilizing effect of a net tangential blade
loading only F is considered here. The Alford # parameter (Equation (3.1)) is computed using the measured
stage torque T in order to compare the model predictions to the experimental results. The direction of whirl
depends on the direction of the net tangential force F with respect to shaft rotation. If F is positive (in the
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Figure 3-9: Experimental prediction and model results of the Alford # parameter for the GE LSRC compressor.
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direction of rotation) # is positive and the rotor will tend to forward whirl. Similarly, a negative # indicates
backward whirl tendency. The Alford # parameter is plotted for different flow coefficients in Figure 3-9
(solid line).
The magnitude of the Alford # parameter and the dependence of the whirl direction on the flow coefficient
agrees well with the experimental predictions (dashed line). For low flow coefficients a strong backward whirl
tendency is predicted whereas forward whirl is induced for high flow coefficients. It should be mentioned that
three-dimensional phenomena such as stator hub clearance and seal leakage effects can alter the Alford /
parameter and are not accounted for in the two-dimensional approach. Additional aerodynamically induced
forces on the rotor arise from these effects. Since the rotor tip-clearance effects are considered here, the
experimental Alford 3 parameter is determined using only the outer span data shown in Figure 3-4. The
model is not limited to evaluation of the effect of rotor tip-clearance and can be extended to analyze stator
hub clearance and seal leakage flow effects. A detailed discussion of the stator clearance and seal leakage
effects are given in Ehrich et al. [18].
The 2-dimensional unsteady modeling approach seems to capture the observed compressor phenomena
well. The following questions arise from the result above: what determines the direction of whirl tendency
in compressors and how do compressors differ from turbines in this regard?
3.5.2 Blade Loading Indicator Parameter
To assess the difference between the whirl tendency in compressors and the whirl tendency in turbines,
one would like to construct a simple analytical model. Simplifying Equation (3.5) by neglecting unsteady
effects and again assuming constant axial velocity through the stage, the tangential momentum balance
can be written for both compressors and turbines as shown in Figure 3-10 a) and b), where fo"P and
a) Compressor b) Turbine
comp turb
p 0 30W
W 002
4a , U- w1
0co mp  
-W02) turb (-W01 - W02)
Figure 3-10: Simplified blade loading analysis for compressors and turbines.
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fjurb denote compressor and turbine tangential blade loading, # is the flow coefficient and W = w/U is the
non-dimensional relative velocity. Using kinematic relations and the velocity triangles the tangential blade
loading can be written in general as
fo [1-(tana + tan) - #] = -V . (3.8)
Note that fo points in the negative 0 direction in Figure 3-10. This expression holds for both compressors
and turbines where V), is the ideal static enthalpy rise for compressors or the ideal static enthalpy drop for
turbines, a is the absolute inlet swirl angle and # denotes the relative exit swirl angle3 . Since only variations
in tangential blade loading distribution contribute to the net tangential rotor force F', Equation (3.8) can
be expanded to first order and written as
ofo ~ -[2 (tan a + tan#) - 1] - 6# . (3.9)
Let the bracketed expression be denoted as the blade loading indicator Ab which only depends on the stage
geometry and the mean value of the flow coefficient 5:
Ab = 2 (tan a + tan#)- -1. (3.10)
If the tip-clearance is increased the blockage increases and yields a decrease in flow coefficient (6e ~ -6#).
Combining this with Equation (3.9) the following simple relation holds between the tip-clearance distribution
and the distribution of the local tangential blade loading:
ofo ~ A - e . (3.11)
In other words the blade loading indicator determines the phase relation between blade loading variation
and tip-clearance variation. Let us assume that the variation in flow coefficient is purely sinusoidal and
flow inertia effects are neglected. If Ab is positive 6fo is in phase with the tip-clearance distribution and
integration around the annulus yields a positive net tangential blade loading F6 (in the direction of rotation).
The opposite holds for a negative blade loading indicator inducing F b in the negative direction as sketched
in Figure 3-11 at the top. Hence the blade loading indicator is conjectured to determine the whirl direction
4for compressors and turbines
3 1n this section the swirl angles are always defined as positive quantities, in order to be consistent with the notation used
in the publication of this theory in the ASME Journal of Turbomachinery.4 This analysis is limited to the sign of the Alford f only and does not include the effect of spool pressure loading.
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A' Approach Validation
This simple model is applied to the GE LSRC compressor. The inlet and exit flow swirl angles are known
at mid span and assumed to be constant over the compressor operating range yielding tan a + tan = 1.1.
Setting the blade loading indicator Ab to zero one can solve for the mean flow coefficient a for which the
net tangential force should vanish. For this particular compressor if 5 0.42 the net tangential rotor force
is zero, if > 0.42 then Ab is positive inducing forward whirl and if 5 < 0.42 the compressor tends to
backward whirl due to a negative blade loading indicator Ab. This situation is sketched in Figure 3-11
together with the ideal compressor characteristic N4. Comparison of this result to the experimental Alford
Bckwd Whirl
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Figure 3-11: Simplified whirl analysis of the GE LSRC compressor.
,3 predictions in Figure 3-9 shows that the # curve crosses zero at a flow coefficient of 0.416. This agrees
well with the simple model result of q = 0.42 and the predictions of whirl direction tendency. In order to
give more generality to the assessment, three other compressors reported in Ehrich [17] are analyzed. The
predictions by the simple, first principles approach, the GE LSRC measurements and the experimentally
based results by Ehrich [17] are summarized for all four compressors in Table 3.3.
The simple model can also be applied to turbines. Turbines inherently exhibit much higher flow turning
than compressors, especially if they are of impulse type with a degree of reaction close to zero. Hence the
absolute inlet and relative exit swirl angles will be much higher than in a compressor rotor. Therefore the
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Method GE LSRC Compressor Compressor 1 Compressor 2 Compressor 3
A b = 0 #0 = 0.420 #0 0.464 0 0.506 # = 0.431
Experiment #0 = 0.416 0= 0.457* 0 0.490* 0 0.435*
Table 3.3: Experimental results and Ab approach for the GE LSRC compressor and three axial flow compressors reported
in Ehrich [17]: backward whirl tendency for #P < #0, forward whirl tendency for #P > #o. * experimentally
based predictions by Ehrich [17].
blade loading indicator Ab is always positive and its sign is independent of the mean flow coefficient unless
# is very small or the degree of reaction is relatively high (less turning). This leads to the conjecture that,
in turbines, the net tangential blade loading induces forward whirl over the entire operating range. To
elucidate this the simple model is implemented for the first turbine stage of the SSME (Rocketdyne's Space
Shuttle Main Engine) liquid hydrogen turbopump. At the design point the flow coefficient is #d = 0.58 with
a rotor absolute inlet swirl angle of a = 700 and a relative exit swirl angle of # = 600. For this operating
condition the blade loading indicator yields a positive value of Ab = 4.2 inducing forward whirl tendency.
Table 3.4 compares this result to the experimentally measured whirl tendency for the same turbine stage by
Song et al. [78]. These results are in agreement with Alford's hypothesis and other observations reported
in literature.
Method Whirl Parameter | Direction of Induced Whirl
A' Approach A b +4.2 strongly forward
Experiment by Song et al. [78] = +3.5 strongly forward
Table 3.4: Experimental result and Ab approach for the SSME liquid hydrogen turbopump 1st turbine stage.
3.5.3 Effects of Spool Pressure Loading
Non-axisymmetric pressure distributions on the rotor spool were identified as a separate forcing source in
turbines and the effects were analyzed by Song and Martinez-Sanchez [78]. It is suggested that this effect
is also important in compressors and its nature and magnitude are assessed in this section.
The static pressure acting on the spool was not measured in the experiment and a definitive comparison
of the modeling results to experimental data cannot be made. However the average static pressure in the
blade passage at mid-span was deduced from the blade surface measurements to obtain a rough estimate
of the magnitude of the pressure non-uniformity. The non-dimensional spool pressure distribution obtained
from the model at mid span and the rough experimental estimate of the passage pressure non-uniformity
are depicted in Figure 3-12 for a compressor operating point close to stall. To be consistent with the scheme
used in LSRC data reduction, only the first spatial harmonic of the pressure distribution is considered
here. The model predicts a phase shift of 16" between the non-uniform spool pressure distribution and the
tip-clearance distribution whereas the rough experimental estimate is 80. The model result yields a third
of the experimental passage pressure magnitude.
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Figure 3-12: Circumferential static pressure distribution obtained from the model at midespan and a rough experimental
estimate of the passage pressure non-uniformity.
To quantify the destabilizing effect of spoo pressure loading, a parameter similar to the Alford
coefficient is defined:
/3 spool - A (3.12)
The i3 sp,,,, parameter is computed for different flow coefficients and plotted in Figure 3-13. Forward whirl
Oist > 0) is induced, with a maximum value of lr near compressor stall. This is mostly due to
the fact that the flow field is more distorted for flow coefficients less than 0.41 (the family of compressor
characteristics are further apart at low flows in Figure 3-6).
The magnitude of 3 otl is about half the magnitude of the Alford 3 parameter for low flow coefficients.
Note that the forward whirl induced by spool pressure loading mitigates the backward whirl tendency due
to the net tangential blade loading (Figure 3-9). The nature of the forward whirl tendency due to spool
pressure effects is discussed next.
First let us consider a family of axisymmetric tip-clearance compressor characteristics with no curvature
and neglect unsteady losses and flow inertia effects in the blade rows and ducts. In this case the flow
instantaneously responds to the distortion induced by the asymmetric tip-clearance. Regions with tight
tip-clearance yield high total-to-static pressure rise, less blockage and therefore a higher flow coefficient.
Conserving total pressure in the upstream duct (potential flow) and matching the uniform pressure distri-
bution at the compressor exit yields a lower spool pressure in the tight tip-clearance region. The opposite
holds for regions of large tip-clearance. The variation in total-to-static pressure rise 6ts, the variation in
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Figure 3-13: Spool loading parameter O3 spooi for the GE LSRC compressor.
flow coefficient 6# and the variation in non-dimensional spool pressure 6 pspooi/p U2 are plotted in Figure 3-
15 as dashed lines for the given shaft offset (the tip-clearance distribution is shown as the dotted line in the
top plot). Evaluation of the first two integrals in Equation (3.6) and transformation to the frame of the
shaft offset using Equation (3.7) yields F'" > 0 and F" = 0 for this sinusoidal spool pressure distribution.
In other words, the aerodynamically induced rotor force due to spool loading is a purely radial destabilizing
force, as sketched in Figure 3-14 a). The purely sinusoidal spool pressure loading distribution does not
induce whirl since the aerodynamic rotor force has no tangential component (Fy = 0).
Now let us consider the family of compressor characteristics shown in Figure 3-6 and assume that
unsteady losses and unsteady flow inertia effects are present. The total-to-static pressure rise distribution
6Vik, is now distorted due to the curvature of the compressor characteristics as depicted in the top plot of
Figure 3-15 (solid line). A part of the compressor pressure rise is now devoted to acceleration of the fluid
in the blade row passages. Assuming quasi-steady flow and no exit swirl it can be shown that the following
pressure balance across the compressor must hold:
dn up
P Pt Pts- A - (3.13)
pU 2 0 g'
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where A denotes the non-dimensional fluid inertia in the rotor blade rows (see Chapter 2)
A = .R (3.14)
rotors COS2
In steady flow the compressor upstream total pressure pu and compressor downstream static pressure pdn
are uniform, so circumferential variations in V4', must be directly balanced by variations in the gradient of
flow coefficient
0 = o6t, - A - . (3.15)06*
This explains why the flow coefficient variation lags the clearance distribution in Figure 3-15. Including flow
inertia in the compressor model results in a relative phase shift in the flow coefficient and spool pressure
distributions, denoted ye and y, in Figure 3-15. Due to this positive phase shift, the spool pressure loading
now also yields a force component in the tangential direction F" and induces forward whirl as shown in
Figure 3-14 b).
3.5.4 Effects of Forced Shaft Whirl
In the case of a whirling shaft, the rotor would be whirling at the offset radius at the natural frequency of
the system. It is therefore important to assess the effects of this whirling on the # parameters.
The following parameter study is conducted to assess the effects of forced shaft whirl on the destabilizing
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rotor forces. The whirl frequency w is varied from synchronous backward whirl (w = -Q) to synchronous
forward whirl (w = Q) for a shaft offset of Ae = 0.7%. The aerodynamically induced forces acting in the
rotating asymmetry frame are computed using Equations (3.6) and (3.7). In order to examine the whirl
tendency due to unbalanced blade and spool loading effects, the Alford 3 parameter and the spool loading
parameter #spoOi are determined. Figure 3-16 depicts the 3 parameters for different flow coefficients and
non-dimensional whirl frequencies w/Q. The tip-clearance compressor model can also be used to determine
compressor stability. Due to the flow distortion, which is affected by the shaft whirl, the rotating stall
frequency varies slightly with the forced whirl frequency. For the four stage compressor discussed here,
rotating stall is predicted to occur between 22% and 46% of rotor frequency. This rotating stall frequency
range is indicated by QRs.
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Figure 3-16: Alford # parameter and spool loading parameter #,pooi for forced rotor whirl.
Notice that for low flow coefficients the Alford #3 parameter is amplified and the spool loading #spool
changes sign close to zero forced whirl frequency. A detailed analysis of the flow field shows that the rotating
tip-clearance asymmetry induces an enhanced distortion of the flow near rotating stall. Consider an observer
sitting on the rotating asymmetry frame at the location of the smallest tip-clearance. The observer will
then perceive a steady, non-uniform flow field which will have a certain orientation relative to the observer's
location. The phase and the magnitude of the fundamental wave form (a single lobed sinusoid indicated by
subscript 1) of the flow coefficient and the non-dimensional spool pressure are analyzed for different forced
whirl frequencies. The results for a compressor operating point close to stall are shown in Figure 3-17 and
the rotating stall frequency range is again indicated by QRs.
If shaft motion occurs at negative whirl frequencies the flow field lags the clearance asymmetry and the
relative phase between the clearance asymmetry and the spool pressure distribution -yp is positive. This
translates to a spool loading induced forward whirl as described in Figure 3-14. The opposite holds for
positive whirl frequencies higher than 0.1 and yields backward whirling forces, as shown in the bottom plot
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Figure 3-17: Magnitude and phase of fundamental wave form of flow coefficient (solid) and non-dimensional spool pressure
(dash) for < = 0.391.
of Figure 3-16. Similar arguments hold for the blade loading distribution since the relative phase between
the net tangential blade loading F and the rotating clearance asymmetry can be related to the phase of
the flow coefficient (see Equation (3.5)). Notice that -ye never exceeds ±90" so that F does not change
sign. This yields a whirl frequency independence of the sign of the Alford # parameter as shown in the
left-hand plot of Figure 3-16. The enhanced flow field distortion and the zero phase -yo near the rotating
stall frequency (see Figure 3-17) are felt in the net tangential blade loading and reflected in an amplification
of # near QRS.
It is important to note the following results from Figure 3-16.
" The spool loading parameter #pooi acts in the direction against whirl for both large positive and
negative forced whirl frequencies.
* 3spooj is of comparable magnitude to the Alford #.
* #spool opposes the effects of the Alford # for two cases: for negative whirl frequencies and low flow
coefficients and for positive whirl frequencies and high flow coefficients.
" The net effect of 3spool and the Alford # yields backward whirl for forced whirl frequencies ranging
from -0.5 to +1.
Yoshida et al. [103] report rotordynamic force measurements on an unshrouded centrifugal compressor
impeller in whirling motion. However to the author's knowledge no axial compressor rotor whirl experiment
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has been reported in the literature in order to compare the modeling results to data. The following chapter
presents a feasibility study of a magnetic bearing servo actuator for a high-speed compressor stall control
experiment. The described experiment could be used to actively whirl and precess the compressor shaft to
investigate rotordynamic-aerodynamic coupling effects.
Note also that the frequency coincidence between enhanced whirl tendency and rotating stall leads to
the conjecture that in an engine, where the rotordynamics and compressor aerodynamics form one dynamic
system, shaft whirl can interact and resonate with flow instability patterns such as rotating, stall. The
current uncoupled modeling results are an important piece of an overall dynamic system analysis since
they separate the basic effects of whirl inducing forces. A non-linear, coupled system analysis is suggested
to investigate the dynamic behavior of the compressor-rotor system. Current research on rotordynamic-
aerodynamic interaction in axial compression systems is reported by Alnahwi [3].
3.6 Conclusions and Summary
This chapter presents a new unsteady low order model to predict aerodynamically induced whirling forces
in axial flow compressors. The model consists of two parts: a tip-clearance induced distortion model and an
aerodynamically induced force model. The distortion model predicts the flow response to given (rotating)
tip-clearance asymmetries. The force model then uses this distorted unsteady flow field to deduce the forces
on the rotor. The force model is not limited to this particular compressor model; any prediction of the
compressor flow field can be used (i.e. CFD, experimental data etc.). The model computes destabilizing
rotor forces due to non-uniform tangential blade loading and non-uniform spool pressure loading effects for
steadily deflected and whirling shafts.
The model is implemented for the GE Aircraft Engines LSRC compressor and compared to experimental
data obtained from the GE Aircraft Engines test program on compressor whirl. A steady shaft offset of
AE = 0.7% tip-clearance over span is considered first and the computed Alford /3 parameter is in good
agreement with the experimental results.
In addition, a simple model from first principles is presented. This analytical approach introduces a
simple parameter denoted as the blade loading indicator. The blade loading indicator depends only on
the stage geometry and the mean flow coefficient and determines the direction of whirl tendency due to
tangential blade loading forces in both compressors and turbines.
A spool loading parameter #spool, analogous to the Alford # parameter, is introduced and predicts
forward whirl for steady shaft offsets. The effect of flow inertia on the spool pressure loading is investigated
and the modeling results show that the flow field lags the clearance distribution due to the fluid inertia.
This phase shift induces destabilizing rotor forces, due to spool pressure loading effects, which add to the
forces predicted by Alford.
Forced shaft whirl is simulated to assess the effects of shaft motion on the destabilizing rotor forces.
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The #spool parameter acts in the direction against whirl and is of comparable magnitude to the Alford
#. It opposes the effects of the Alford # for negative whirl frequencies and low flow coefficients and for
positive whirl frequencies and high flow coefficients. Also, the frequency coincidence between shaft whirl
and rotating stall suggests non-linear coupling effects between the aerodynamics and the rotordynamics.
An important element in the design of rotordynamically stable jet engines is the accurate prediction of
the aerodynamically induced forces. The reported results compare well to experimental blade force data
obtained from the GE Aircraft Engines LSRC test facility. The presented aerodynamically induced force
model forms an important basis for an overall dynamic system analysis and is suggested as an integral part
of engine design tools.
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Chapter 4
Tip-Clearance Actuation With
Magnetic Bearings For High-Speed
Compressor Stall Control
As discussed in the previous chapter the blade tip-clearances in axial flow compressors can have a strong
impact on compressor performance and stability. From this a new concept for active compressor stall control
is born, the concept of tip-clearance actuation. The basic idea is to actively vary the tip gap between the
compressor blade and the casing to stabilize rotating stall and surge by altering the compressor dynamic
behavior. One way of varying the compressor tip-clearance is active suspension of the compressor shaft.
Under the stall control efforts at the NASA Glenn Research Center a new actuation scheme with magnetic
bearings is considered. The goal is to design an experiment using tip-clearance actuation with magnetic
bearings in NASA Glenn's high-speed single stage compressor test facility.
4.1 Background
The stable operation of axial flow compressors, as they are encountered in modern jet engines and gas
turbines, is often limited by two flow breakdown processes known as surge and rotating stall. Over the
years the inception process of rotating stall has been studied by many researchers (e.g. Garnier et al. [28],
Day [15] and Tryfonidis et al. [89]). Active control of rotating stall was first proposed by Epstein et al. [20]
and since then a significant amount of research has been conducted and compressor stall control has been
demonstrated using a variety of actuation schemes (e.g. Paduano et al. [60] and Gysling et al. [32]). In
particular theoretical and experimental investigations have been done at the NASA Glenn Research Center
on a single-stage transonic core compressor inlet stage. Active stabilization of rotating stall and surge in
the high-speed stage was first presented by Weigl et al. [96] using unsteady air injection.
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Magnetic bearings are widely used as active suspension devices in rotating machinery, mainly for active
vibration control purposes. The concept of active tip clearance control suggests a new application of
magnetic bearings as servo-actuators to stabilize rotating stall in axial compressors. The magnetic bearing
servo-actuator is used to actively whirl the shaft inducing an unsteady variation of the rotor blade tip-
clearance distribution as shown schematically in Figure 4-1. In this chapter Model I is used to assess the
concept of tip-clearance actuation for compressor stall control.
Unsteady Soft Support
Blade Tip- Magnetic Air Gap
Clearance
Unsteady
Blade Tip- .. Backup
Clearance Casing Bearing Fluid Bearng
Magnetic Bearing
Figure 4-1: Active tip-clearance stall control concept.
4.2 Research Questions
This chapter presents a feasibility study and the design of a stall control experiment using tip-clearance
actuation with magnetic bearings. The following research questions are of interest and addressed here:
" How does a magnetic bearing servo-actuator for stall control differ from conventional magnetic levi-
tation devices?
" How much control authority and shaft motion is required to stabilize rotating stall?
* How beneficial is tip-clearance actuation compared to unsteady air injection and other actuation
schemes?
" What analytical process has to be conducted in order to design a stall control experiment with magnetic
bearings?
4.3 Organization of Chapter
The organization of this chapter is briefly outlined to guide the reader through the design process. The
general sequence of steps involved in the analysis and design of an axial compressor magnetic bearing
system is depicted in Figure 4-2. First, in Section 4.4, the axial flow compressor specifications and the
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Figure 4-2: Design process for an axial compressor magnetic bearing system.
geometric envelope of the test facility into which the magnetic bearing must fit are discussed. Then in
Section 4.5 an unsteady compressor tip-clearance model and a simple, first cut rotordynamic model of the
compressor system are implemented in a preliminary analysis to determine the control authority and the
design requirements which are discussed in Section 4.6. The detailed design of the magnetic bearing servo-
actuator and rotor system is outlined in Section 4.7, and the final closed loop system simulation results are
presented in Section 4.8.
The above design process is implemented in an example analysis for the NASA Glenn high-speed single
stage axial flow compressor and results specific to this compressor are reported here.
4.4 Axial Compressor Rig Specifications
The NASA Stage 37 test compressor, originally designed as an inlet stage of an eight-stage 20:1 pressure
ratio core compressor (Reid and Moore [62]), has a total pressure ratio of 2.05, a mass flow of 20.2 kg/s,
a rotor tip speed of 454 m/s, and a rotation frequency of 286 Hz at design conditions. Rotor 37 consists
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of 36 blades with an aspect ratio of 1.19, a hub-to-tip radius ratio of 0.7, and a blade tip diameter of
approximately 50 cm. The mean-line rotor chord length is 56 mm. Detailed performance descriptions are
given by Reid and Moore [63].
Atmospheric air is drawn into the test facility through an orifice plate and a plenum chamber upstream
of the test section. Downstream of the compressor the flow is regulated with a sleeve-type throttle valve
and the compressor shaft is coupled through a drive train to a 2.2 MW DC drive motor. The shaft setup of
the test compressor is an over-hung rotor with radial fluid film bearings at the front (near the rotor disk)
and at the back of the compressor (near the motor drive coupling) as well as a fluid film thrust bearing on
the motor coupling side. A schematic of the test section and the compressor shaft is shown in Figure 4-3.
High Freq. Static Pressure Sensors
Steady / Unsteady Survey Probes
Compressor Rotor Disk
@ Compressor Shaft
@ Front Fluid Journal Bearing
@ Rear Fluid Journal and Thrust Bearing
Figure 4-3: NASA Glenn high-speed single stage compressor test facility.
In this specific case it is desired to limit modifications to the compressor test rig as much as possible.
The rear fluid film journal and thrust bearings must be kept the same to mate with the existing motor drive
train. The front fluid film journal bearing is to be replaced by the magnetic bearing servo-actuator. Fail-safe
operation of the magnetic bearing is compulsory and a special catcher bearing system is to be designed. Also
the compressor gas path must remain the same to yield an unchanged aerodynamic compressor performance.
A conceptual schematic of the active tip-clearance test rig setup is shown in Figure 4-1.
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4.5 Preliminary Analysis
The effect of tip-clearance asymmetries due to shaft deflections on compressor performance and stability
is addressed next. The objective of the preliminary analysis is to determine the magnetic bearing force
bandwidth and the stall control authority required to conduct rotating stall control with tip-clearance
actuation. The specific question is: how much shaft motion and magnetic bearing force is required to
stabilize rotating stall? To answer this question a simplified rotordynamic design analysis and a unique
stochastic estimation and control analysis are conducted.
4.5.1 Simplified Rotordynamic Design and Analysis
A preliminary design of the magnetic bearing rotor is suggested in Figure 4-4. The solid shaft in Figure 4-3
is replaced by a hollow shaft including the magnetic bearing rotor laminations. The shaft is pinned at
the rear (journal and thrust fluid film bearings) and coupled to the motor drive train. Typical catcher
Compressor
Rotor Blades
Magnetic Bearing
Rotor Laminations
Catcher Bearing
. Inner Journal
disk 1 disk 2 disk 3
Motor-Drive
Coupling
Fluid Film
Bearing
Hollow Shaft
Thrust Bearing
Disk
node 4 disk 5 disk 6 disk 7 disk 8
%=
shaft 3.5 shaft 4.5
ISFD Catcher Bearing System Journal and Thrust Bearings
Figure 4-4: Preliminary magnetic bearing compressor rotor and corresponding lumped parameter model.
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bearing designs do not contact the shaft during magnetic bearing suspension. However for the proposed
stall experiments in the NASA high-speed test facility, a fail-safe suspension system is mandatory. In
particular, the compressor blades must be protected from possible blade-tip rubs; destructive impacts must
also be avoided in the case of a loss of magnetic levitation. A possible fail-safe solution is to use a spring
loaded catcher bearing that is always in contact with the shaft. This is the approach adopted for the design
analysis.
In the general case of free-free magnetic suspension a simple, single lumped mass analysis is usually
sufficient to obtain a first cut estimate of the required magnetic force. Since in this magnetic bearing appli-
cation shaft motion is constrained at both ends (soft spring loaded catcher bearing support at the front and
conventional fluid film bearings at the rear) the rotordynamic analysis needs to be more detailed. Therefore
in this preliminary design analysis a simple, direct stiffness lumped parameter method is conducted.
Rotordynamic Model - Direct Stiffness Method
The rotor model consists of thin rigid disk elements (lumped masses) connected either by massless flexible
beam elements or by flexible uniform shaft elements (distributed mass) as depicted in Figure 4-4. Each
y
9
z, z"
->- ay. :ax.
Figure 4-5: Thin rigid disk model.
disk element i has four degrees of freedom: two displacement directions normal to the axis of rotation (u, v)
(translations) and small angle rotations about the spin axis (a, #) (precession and nutation) as shown in
Figure 4-5. Assuming a thin rigid disk with a small unbalance (eccentricity a in rotor frame (x", y")) and
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applying the linear and angular momentum principles ([69]), the equations of motion yield in general form
mi -i + Q.gi.i + A -gj qj =
axn Q2 + a4 O
ayn , 2 - axilh
mni
0
\L 0 j
cos(#) + sin(#)
0
-1
+ mi g
0
0
where qj = [ui, vi, ai, #] is the vector displacement. Using the diametral moment of inertia Id
moment of inertia I, the mass matrix mi and the gyroscopic matrix gi are defined as
mi
0
mi=
0
0
0
0i
0
0
0 0
0 0
Id 0
0 Id
and
0
0
gi =
0
0
0
0
0
0
and the axial
0 0
0 0
0 
-Ia
Ia 0
(4.2)
Qj, is the vector of external interconnection forces acting on the disk from connecting components.
The connecting massless beam elements are modeled using flexible, linear beam theory as depicted in
Figure 4-6. In Timoshenko beam theory ([11]) the assumption is made that within each segment the shaft
ui+1 -
U1 -
Eli, KGA
fy
Ty
Li
-I
Station i Station i+1
V. -
vi,1 -.
Y
z
z
xi+1
f
-- i
Figure 4-6: Transverse deformation of a flexible shaft segment.
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+ Q,2c , (4-1)
1il
is uniform with bending modulus EI; and effective shear modulus rGAj. Introducing the force vectors Qj
and Qi+1 of the form Q = [fo, fy,T, Ty] at the i and i + 1 end of the segment, the force-displacement
relation for the beam segment can be written in a compact form as
(4.3)
(4.4)
Qi = Kj -qj + K+1 * qi+1
Qi+1 = Ki ',i -qj + K( Ai+1 -qi+1 -
Note that from the action-reaction principle the external interconnecting forces become
Qi, = - Qi and Qi+1c = - Qi+1 .
Using Maxwell reciprocal theory ([68]) the stiffness matrices K01 can be determined as follows. The
total deflection of the segment is a superposition of displacement and bending at the two ends. Hence each
of the displacement and bending deformations can be treated independently. Each stiffness coefficient can
be found by determination of the reaction to a unit displacement (or unit angular bending). Since the
deformation is over-constrained the problem becomes statically undetermined and the reaction forces have
to be analyzed using Castigliano's method ([68]) or the deformation energy method ([68]). Using the former
technique the stiffness matrices yield
(L3(l+12c),
+1 L3(1 + 12E),
-(')li ( E I )i+1, 
- L3(1 + 12,E)
K i)EI
i+1,i+1 L3(1 +12c) i
12 0
0 12
0 -6L
6L 0
-12 0
0 -12
0 6L
-6L 0
-12 0
0 -12
0 -6L
6L 0
12 0
0 12
0 6L
-6L 0
0
-6L
4L 2 (1 + 3E)
0
0
-6L
2L 2 (1 - 6c)
0
0
6L
2L 2 (1 - 6r)
0
0
6L
4L 2 (1 + 3E)
0
6L
0
0
4L 2 (1+3E)
6L
0
0
2L 2 (1 - 6c) .
-6L
0
0
2L 2 (1 - 6E)
-6L
0
0
4L 2 (1 + 3c)
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(4.5)
(4.6)
where e = EI/KGAL2 is the dimensionless shear compliance measure.
In the case of the long hollow shaft segment in Figure 4-4 an approach with distributed mass needs
to be implemented to account for the dynamics of an irregular mass and elasticity distribution. First the
non-uniform hollow shaft segment is split into uniform elements. The assumption is then made that, for a
flexible uniform shaft element with distributed mass, the inertia properties are lumped at the two endpoints
in form of identical thin rigid disks which are connected with a massless elastic beam. The inertia properties
of this continuous shaft segment, treated as a rigid body, are determined at the mass center and are then
equally divided between the two endpoints as shown in Figure 4-7. The equations of motion for this flexible
u .-- -~ El, A, L, p
3Station i+1
Mass Center
Station i
Figure 4-7: Flexible uniform shaft segment with distributed mass.
uniform shaft element with distributed mass are
Mik 0 Ij+ 9 i k 0 q
0 Mk ] i+1 0 9k 4i+1 0 9k Ij+1
(k) Kk) Qk Q 1 . Q(k) (4.7)
t+1,, z' i K~ [ = , I cos(#) + Qu s () + + Q
Kk) K) qi1 (k) Sin Q(k) Ji+
where the mass and gyroscopic matrices mk and gk are defined in Equation (4.2) with mk = pAL/2,
I, = pIL and Id, = (pIL + pAL 3 /12)/2, using the polar moment of inertia I. The stiffness matrices K(k)
are defined in Equation (4.6) and ) and Qk) denote the unbalance force vector and gravitational force
vector as in Equation (4.1).
Radial and axial bearings can be connected to any disk element as shown in Figure 4-4. The axial
bearing, in this example a fluid film thrust bearing, constrains the shaft in angular deflections at the
rear. Neglecting axial motion, it is modeled as an angular spring and an angular damper. Dropping any
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cross-coupling forces and assuming symmetry the axial bearing force vector can be written as
0 0 0 0 00 0 0
0 00 0 0 00 0
Q =K qi + qj , (4.8)
"a 0 0 Ka 0 0 0 Ca 0
0 0 0 Ka J 0 000 Ca.
with the bearing angular stiffness and damping coefficients Ka and Ca. The rear journal fluid film bearing
and the soft, spring-loaded catcher bearing are simply modeled as spring and damper elements giving the
radial bearing force vector of the form
Kx 0 0 0 CX 0 0 0
0 K 0 0 0 C, 0 0QC ="qi + qj44. (4.9)
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
. i . . i
In general cross-coupling forces can be included but only the stiffness and damping coefficients in the x an
y directions are used here.
A set of equations for the rotor system in Figure 4-4 can be obtained by interconnecting all the disk
elements, flexible beam or uniform shaft segments and the bearing models. Identifying the system dis-
placement vector q = [qi ... q 8]T and stacking up matrices, the equations of motion for the rotor system
become
M + (QG+C 6 ) 4 + (nG+K+Kb) q = Q, cos(#) + Q, sin(#) + Qg + Qext.
(4.10)
Matrices M, G, K contain the mass, gyroscopic and stiffness matrices of the individual elements. All
bearing damping and stiffness matrices are collected in Cb and K6 . Q, and Q9 contain the unbalance and
gravitational force vectors of the disk elements. Vector Qext includes any external forces applied to the
rotor system, i.e. magnetic bearing forces, aerodynamically induced whirling forces (see Chapter 3) etc.
The inertia properties of the disks and the flexible shaft elements are tabulated in Table 4.1 where m is
the lumped mass, Id is the diametral mass moment of inertia, I, is the axial mass moment of inertia and
I is the polar moment of inertia. The definitions for solid and hollow disks and cylinders are given in [5].
The overall mass of the shaft is 128.5 kg. Note that the lumped mass of shaft 3.5 is split between nodes 3
and 4 (distributed mass) and the mass of shaft 4.5 is split between nodes 4 and 5 respectively as discussed
earlier. For a closed loop analysis' the magnetic bearing force can be introduced at node points 3 and 4.
A linear analysis can be conducted by assuming a steady rotational speed (setting Q = const and # = Qt
1 Note that the rotor system is open loop stable and that the magnetic bearing is primarily used as a servo-actuator.
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m [kg] Id [kg m2] I7[kgm] I [m-1]
disk 1 36.75 0.37 0.73 -
flex 1 - - - 1.67-10-5
disk 2 2.64 2.26-10-- 3.51-10-3 -
flex 2 - - - 4.32-10-6
disk 3 21.04 0.12 0.24 -
shaft 3.5 26.21 - - 8.53-10-5
shaft 4.5 18.99 - - 2.20-10-5
disk 5 2.71 4.42-10-3 8.68-10-3 -
flex 5 - - - 2.44-10-6
disk 6 4.63 5.63-10-3 9.48.10-3 -
flex 6 - - - 1.64-10-6
disk 7 5.72 1.20.10-2 2.31-102 -
flex 7 - - - 2.94-106
disk 8 9.84 3.49.10-2 6.85-10-2 -
Table 4.1: Inertia properties of modeled elements.
in Equation (4.10)). In order to obtain a well conditioned system x = [q q]T is chosen as the state vector
and Equation (4.10) can be cast into the state-space form
0 M + -M 0 X 0
M QG+CbJ 0  K+Kb [Q(t)J
a b f(t)
(4.11)
where the right hand side of Equation (4.10) is lumped into vector Q(t). Dropping the forcing vector f(t)
an open loop (free vibration) analysis is easily conducted resulting in the following eigenvalue problem
det{I-A+a 1 -b} = 0. (4.12)
To visualize the spatial structure of the modes, the mode shapes are reconstructed using the eigenstructure
of the state-space model. The j-th mode shape can be written as
x (t) = v3 eV + v (*) e t (4.13)
where A and A* are the j-th complex conjugate pair of eigenvalues and vj and v(*) denote the corresponding
eigenvectors. The displacements ui and vi and small angle rotations ai and fi can be extracted from x, (t)
for each disk location i.
Integral Squeeze Film Damper (ISFD) Catcher Bearing System
The catcher bearing system for this non-standard high-speed application is suggested to consist of a fluid
film journal bearing embedded in a soft spring loaded support. This allows for shaft deflections but still
yields a hard stop in case of an emergency. To ensure safe transient operation without large vibrations
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when critical frequencies are crossed during an emergency shut down, damping must be added in parallel to
the soft spring loaded support. One possible, compact solution is an Integral Squeeze Film Damper (ISFD)
setup as reported by Santiago et al. [67]. As shown in Figure 4-8 ISFD's are comprised of arcuate squeeze
film pads rendering viscoelastic support and wire-EDM webs acting like a squirrel cage. The stiffness and
Figure 4-8: Integral Squeeze Film Damper (ISFD) with flexure pivot tilting pad journal bearing (courtesy of Texas A&M).
damping coefficients K and C of the fluid film bearings and the ISFD catcher bearing support are tabulated
in Table 4.2. Note that the ISFD system stiffness is one order of magnitude softer than the rear journal
bearing.
ISFD system journal bearing thrust bearing
KX = KY 3.5- 106 N/in 6.3 -107 N/im
C = Cy 1 - 104 Ns/m 4.0 .104 Ns/m -
Ka - - 4.6 -10 7 N/rad
Ca - - 1.6- 102 Ns/rad
Table 4.2: Support stiffness and damping coefficients.
Rotordynamic Analysis
The open loop whirl speeds, natural frequencies and mode shapes are obtained from the eigenvalue problem
described in Equation (4.12). Assuming that the rotor is spinning at design speed (286 Hz) the first
eight eigenvalues are plotted in Figure 4-9. The mode shapes are reconstructed from the corresponding
eigenvectors as discussed above and are plotted in Figure 4-11 for several positions as the eigenmode rotates
around the centerline. The forward whirling modes are marked with pluses in Figure 4-9 and the bearing
locations (nodes 2, 6 and 7 in Figure 4-4) are indicated by the dotted lines in Figure 4-11. The preliminary
hollow shaft design yields two conical modes, denoted as the first and second rigid body modes, which rotate
at 0.16 and 0.7 times the rotor frequency, and two flexural modes.
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Figure 4-11: Computed compressor rotor mode shapes.
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The rotation rates of the flexural modes are well above the operating range but note that the first flexural
mode is less damped than the second rigid body mode.
This preliminary shaft setup conforms well with the design issues for active tip-clearance control. The
magnetic bearing rotor is rigid with a dominant conical rigid body mode at a natural frequency of 0.16
times rotor frequency. The low rotation rate of this first rigid body mode is due to the softly supported
catcher bearing system (ISFD). None of the open loop rotordynamic modes are in the vicinity of flow field
resonances such as rotating stall, which for this compressor rotates at 0.4 times the rotor frequency. This is
a crucial constraint on the rotordynamic design to avoid direct interaction between the compressor pre-stall
dynamics and the structural dynamics. Note that the suggested magnetic bearing rotor yields supercritical
operation with respect to the rigid body modes.
In order to obtain an estimate of the required force (introduced by the magnetic bearing) for a certain
tip-clearance change, the open-loop transfer function from magnetic bearing force input to blade tip dis-
placement is computed from the state-space solution and shown in Figure 4-10. However, the necessary
blade tip deflection for rotating stall control still needs to be determined. This is the key analysis in the
preliminary design process and is discussed next.
4.5.2 Analysis of Tip-Clearance Control Authority
In order to determine the necessary shaft motion (i.e. blade tip displacement) for rotating stall control, the
closed loop system depicted in Figure 4-12 is considered. The compressor pre-stall dynamics are denoted by
the transfer function G(s). The outputs of G(s) are the pre-stall pressure perturbations sensed upstream of
the rotor 6p(t), which are fed back to the rotating stall feedback controller K(s). The controller outputs are
the actuator position commands 6c(t), which are modified by the magnetic bearing servo-actuator dynamics
AMB(S) to yield the actual shaft position and the corresponding tip-clearance distribution e(t). The open
loop stable magnetic bearing servo-actuator dynamics AMB (s) consist of the shaft rotordynamics Grotor
and the magnetic bearing servo control loop. The inputs to the compressor pre-stall transfer function G(s)
are the tip-clearance distribution e(t) and background noise modeled by unsteady velocity fluctuations
6w(t). The actuator dynamics AMB(s) and the compressor tip-clearance transfer function G(s) form the
plant P(s), which will be considered in the rotating stall control law design process. Note that this feedback
control system is a regulator system since the error signal Je(t) is composed only of the sensed pressure
perturbations. The purpose of the regulator is to drive the pressure perturbations to zero, even if the plant
is unstable.
The objective of this analysis is to determine the required closed loop shaft motion &e(t) to stabilize
rotating stall. Since the feedback system is highly resonant and in a noisy environment, the compressor
dynamics must be included in the analysis. A stochastic estimation approach is then applied.
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Figure 4-12: Closed loop magnetic bearing compressor system for stall control.
Compressor Dynamics with Tip-Clearance Effect
To investigate the effect of blade tip deflection on compressor stability, the compressor pre-stall dynamics
G(s) need to be modeled. Using Model I a two-dimensional, incompressible, state-space compressor model
actuated by rotor tip-clearance is created. The detailed derivation of the compressor model equations are
given in Section 2.2 and only a short model description is given here.
The overall modeling approach consists of incompressible models of the inlet and exit ducts, the blade
rows, the downstream plenum and throttle as shown in Figure 4-13. The hub-to-tip ratio is assumed high
so that the model is 2-dimensional with axial and circumferential unsteady flow field variations. The rotor
and stator blade rows are modeled as semi-actuator disks with unsteady inertia and unsteady loss terms.
The model assumes that the background flow is steady in the reference frame locked to the (rotating)
tip-clearance asymmetry so that any tip-clearance distribution (unsteady in the absolute frame) can be
prescribed. In a first step the steady, fully non-linear flow field equations are solved in the asymmetry frame
to obtain the non-uniform background flow (see Section 2.2.1). In a second step a linearized version of the
model equations is solved to obtain the behavior of unsteady, small amplitude perturbations to the known
steady state non-uniform flow field. Assigning control inputs and outputs to the model and identifying states
in the resulting dynamic equations yields a state-space formulation of the compressor model (see Section
2.2.2). Unsteady air injection (see Section 2.2.2) was added in addition to the tip-clearance actuation in
Model I. Air injection was used in stall control experiments by Weigl et al. [96] in the same compressor. This
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Figure 4-13: Model I approach with tip-clearance and air injection actuation.
modified compressor model will be useful to match the modeled compressor dynamics to the experimental
data by Weigl et al. [96] and to verify the control authority analysis in a test case for jet injection.
The inputs to the model are the compressor geometry, an axisymmetric tip-clearance compressor charac-
teristic and the sensitivity of the compressor characteristic to changes in axisymmetric tip-clearance. These
inputs were based on CFD calculations of the NASA Stage 37 compressor performance. The APNASA blade
passage code by Adamczyk et al. [2] was used to calculate the three-dimensional, viscous flow through the
stage for different levels of axisymmetric tip-clearance. In addition, the modeled compressor dynamics were
compared to the experimentally obtained system identification results by Weigl et al. [96]. The dynamic
model parameters, i.e. loss time lags -rR and rs and system reduced frequency, were adjusted to match the
open loop and closed loop compression system poles to the measured eigenvalues. This gives confidence in
using the tip-clearance actuated compressor Model I in the stochastic estimation analysis.
Preliminary Magnetic Bearing Servo-Actuator Dynamics
In order to close the loop in the preliminary analysis the dynamics of the magnetic bearing servo-actuator
AMB(s) need to be determined. The magnetic force of a C-coil magnet, as depicted in Figure 4-14, can be
derived from the magnetic energy stored in the air gap between the magnet and the ferromagnetic material
([71]).
Neglecting all stray fluxes and assuming that the air gap and the C-coil electro-magnet have the same
cross sectional area (Afe = A,) the magnetic induction B along the magnetic path of total length le + 2s
becomes
0 = Bfe - Afe = Ba -As Bfe = Ba = B, (4.14)
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where E is the magnetic flux. Applying Ampere's law along the magnetic path for n -i current-turns
J H-dl = n.i with B = pH , (4.15)
where H is the magnetic field strength and p, is the magnetic permeability in vacuum. Combining this
with Equation (4.14) one can write
le - He + 2s - Ha = - B + -B = n - i . (4.16)
popb e yo
For a ferromagnetic material, pf e is much larger than one and the magnetic induction B can be approximated
as ([71])
B = po n z yo .s (4.17)
!f +2s 2s
Pfe
Using this expression the magnetic energy stored in the air gap of volume V then becomes
Wa = 1 Ha -Va = -poAa . (4.18)2 2 s
The magnetic force acting on the ferromagnetic cylinder is generated by changes in the field energy. If the
air gap is increased by ds the volume increases by dV = 2Aads and the magnetic energy rises by dWa.
The necessary rise in energy is generated by mechanical work yielding an attraction force on the cylinder.
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Conserving energy in this closed system the magnetic force on the cylinder becomes
dWa 1 2Pf p 4oAan2 2 cos(a) , (4.19)ds 4 s
where a accounts for the inclination angle of the pole surfaces. Note that the magnetic force f is proportional
to the square of the coil current i and inversely proportional to the air gap s.
In a radial bearing configuration, as sketched in Figure 4-15, another electro-magnet is positioned on
the opposite side of the shaft. The two magnets are operated differentially to yield positive and negative
forces on the shaft. Introducing the bias current i, and the control current 6i and using so ± 6s for the air
gaps the differential magnetic bearing force fb becomes
1 2[(io + 6i)2 i0 6i2-fb = - = -uoAan 2 [(so S) 2  (i 0 - 2 cos(a) . (4.20)4 (so - os)2 (so + s)2J
It is common in magnetic bearing practice to linearize this relation around the bias current and the nominal
air gap yielding
f = Ponl2  IlAcos(a) - + s cos(a) -6s = Ki - + K, -6s , (4.21)
co2 a Si 3
where Ki and K, are referred to as the current stiffness and position stiffness. This linear relationship is
generally used for linear control development.
Mimicing the magnetic suspension by a spring-damper element a simple PD control law can be derived
for current control 2. Equating the magnetic bearing force from Equation (4.21) with the force of a spring-
damper element 6f = -kmb - S - dmb s, where kmb and dmb are the bearing stiffness and the bearing
damping respectively, the control current yields
.kmb + Ks dab
=- -m± 6s -- - s = -(Pos + D6s), (4.22)Ki Ki
and the P and D gains are easily identified. Note that the bearing stiffness and damping can be adjusted
through the control law. This makes magnetic bearings attractive for vibration control applications (active
spring-damper). The magnetic bearing stiffness kmb is in general chosen to be of the order of the position
stiffness to yield a well-behaved performance. If kmb is small compared to K8 , the sensitivity of the system
eigenvalues to an uncertainty in K, is large, and in the worst case the system can go unstable. On the
other hand, if the position stiffness is very large compared to the magnetic bearing stiffness, the maximum
magnetic force is reached at very small deflections of the shaft, and the actuator is likely to saturate.
For the magnetic bearing servo-actuator discussed here an 'I' element is added to integrate up the
steady-state error. Also in order to increase the gain at high frequencies and to guarantee good tracking
21f voltage control is used a PD controller is not sufficient to stabilize the magnetic bearing.
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behavior of the servo-actuator, the D element of the PID controller is removed and a lead network is added
in series. This servo-actuator control loop is shown in Figure 4-12 on the top. Note that the magnetic force
depends on the magnetic bearing gap (inner loop) and that the compressor blade deflection is fed back in
the main loop (the goal is to obtain good servo characteristics at the compressor tip-clearance location).
Using this control strategy and preliminary numbers for current stiffness and position stiffness3 the PI-lead
control parameters were determined iteratively to yield optimal servo-actuator performance. In addition,
sensor and power amplifiers were simply modeled as first order low pass filters with bandwidths of about
8 kHz. The magnetic bearing servo-actuator performance (transfer function AMB (s) from commanded
blade deflection oc to actual blade deflection Se) is plotted in Figure 4-16. The simple compensator yields
satisfactory tracking performance in the light of this analysis. It could be improved by a more complex
control law such as for example a two degree of freedom Hoo compensator to yield both robustness and
good dynamic tracking.
Stochastic Estimation of Closed Loop Shaft Motion
In order to determine the necessary blade tip deflection for rotating stall control a stochastic estimation of
the closed loop shaft motion is conducted. Referring back to Figure 4-12 the system input noise Sw(t) is
modeled as white noise of intensity W, which is determined by comparing the spectrum <b,,(w) of the sensed
3 =8.75. -i0 7 [N/rn] and Ki 578.47 [N/A] were obtained from a preliminary design analysis of a 16 pole N-S-S-N
bearing configuration.
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pre-stall pressure perturbations 6p(t) obtained from the experiment (Weigl et al. [96]) to the spectrum of
the open loop compressor model transfer function G(jw):
<I>,,(W) = G(jw) GT(jw) W . (4.23)
The white noise intensity W is adjusted to match both the peak and the RMS values of the measured and
modeled spectra for a compressor operating point that is close to stall. This is shown in Figure 4-17. Note
Experiment Model
0.2 0.2
2 0.1 - 0.1
0 0
0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6
frequ. / rotor frequ. frequ. / rotor frequ.
x 10-3
4
CIO 0 G(s)
-4W
0 0.1 0.2 0.3
time [s]
Figure 4-17: Spectral analysis of open loop pre-stall pressure perturbations (experiment by Weigl et al. [96]) and of open
loop compressor Model 1.
that the compression system is highly resonant and exhibits a sharp peak in the spectrum at a frequency
of about 0.4 times the rotor frequency. This resonance of the flow field corresponds to a rotating stall
precursor.
A closed loop analysis is conducted next. The circumferentially sensed pressure perturbations are decom-
posed into circumferential spatial Fourier harmonics. The pre-stall mode with first harmonic circumferential
structure (n = 1) is linearly controllable with tip-clearance actuation (if the rotor is off-set from its casing
a first harmonic tip-clearance distribution is induced) and all other harmonics are linearly uncontrollable.
To simplify the analysis only first harmonic linear control with tip-clearance actuation is considered here.
Additional unsteady injection is implemented in this case to stabilize the zeroth harmonic (surge-like) mode
(see Kinj(s) in Figure 4-12). In general non-linear control laws can be used to stabilize the zeroth and
second harmonic modes with tip-clearance actuation as discussed in Wang et al. [94]. Such control schemes
however will yield further bandwidth and magnetic force requirements.
A simple constant gain stall control strategy is implemented for KMB(s) and Kinj(s) in Figure 4-12 to
stabilize the plant dynamics P(s). The idea behind constant gain control is as follows. The sensed spatial
harmonic waves of the pressure perturbations 6p(t) are rotated by an optimized angle and multiplied by a
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constant gain to form the spatial harmonics of the control signal. The commanded shaft position 6c(t) is
modified by the magnetic bearing servo actuator dynamics AMB(s) to yield the effective shaft position and
tip-clearance distribution &e(t). In this analysis the simple PI-lead network discussed earlier is used in the
inner servo control loop of the magnetic bearing actuator.
The constant gain stall controller was tuned to stabilize the zeroth harmonic mode with unsteady air
injection Kinj and the first harmonic mode with tip-clearance actuation KMB. The mass flow through the
compressor is then gradually decreased in the simulation until the second harmonic mode becomes unstable.
This is shown in Figure 4-18. Note that it is this mode that determines the overall compressor stability and
the compressor operating range.
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Figure 4-18: Open loop compressor dynamics (x) and closed loop poles with constant gain control (+).
Defining the state-space matrices Ac, Bc, Cc, De for the compressor dynamics G(s) and AMB, BMB,
CMB, DMB for the magnetic bearing servo-actuator dynamics AMB (s) the time invariant closed loop system
in Figure 4-12 can be cast into the following state-space form
c(t) = A - x(t) + Be1 - 6w(t) (4.24)
6E(t) = C x(t) ,
where x(t) = [xc(t) xa(t)] is the system state vector. The same system input noise 6w(t) of intensity W is
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assumed during stall control and the system output of interest is e(t). The state-space matrices are
Act Ac + B, C, + Bc , C 3
_-BaKMB(Cci + Des, C 3 )
BI= B 2 ]
0
Bcs, C 2
,
Aa - BaKMBDec, C2]
(4.25)
(4.26)and Cc = [C3 C21 .
The definitions for C 1, C 2 and C 3 are
C 1 =
C2 =
C3 =
(4.27)
(4.28)
where the Be, Cc and De matrices are split into their components corresponding to air injection (e.g. Be,,)
and tip-clearance actuation (e.g. Bc,).
The RMS of effective shaft motion, which is required to stabilize the compression system, can be esti-
mated from the steady state output covariance E, = E{6e(t)2}, where the expected mean of Se(t) is zero
(E{e(t)} = 0) and E{} denotes the time average of an ergodic process. Assuming steady state, the state
covariance E, is obtained from the Lyapunov equation
(4.29)
where W is the white noise intensity matrix. The output covariance and the RMS of &(t) then yield
RMS(6e) = = C E CT. (4.30)
This procedure is applicable to any actuation scheme and is implemented in a test case for unsteady air
injection. The estimated RMS of injector valve motion compares well to the RMS of the measured actual
valve motion in the NASA Glenn stall control experiment. The results are shown in Table 4.3, where the
valve command ranges from 0 (valve half open) to 1 (valve fully open). This gives confidence in using the
Model I with injection actuation NASA Glenn experiment
Estimated RMS of
injector valve motion 0.141 (±0.005) 0.121
Table 4.3: Simulated and measured RMS of injector valve motion.
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[I + KinjDe,]-' - [-KinjCc],)
[I + DaKMBDc 1,]-- Ca
[I + D.KMBDcs,] - (-DaKMBCc 6 ),
0 = Ac, E, + E, AT + Bc1 W B ,
presented technique to estimate the effective shaft motion for tip-clearance actuation. The analysis predicts
RMS(Je) = 207.5 (+5.0) pm .
The indicated uncertainty in the prediction is due to the uncertainty in the data matched white noise
intensity W.
The constant gain control law commands shaft whirl at a frequency of 0.4 times the rotor frequency.
This corresponds to the rotation rate of the first harmonic rotating stall precursor. To guarantee a robust
magnetic bearing design the required force bandwidth is determined for a shaft displacement of 250 pm for
frequencies up to 0.5 times rotor frequency. Using Figure 4-10 the required magnetic bearing force yields
25 kN for frequencies up to 0.5 times rotor frequency (143 Hz). This high load capacity is due to the large
mass of the shaft (128.5 kg), the high whirl speed (143 Hz) and radius (250 pm), and the rotordynamic
constraints of the shaft at the front end (catcher bearing) and at the rear end (motor drive coupling).
Analyzing a typical 5-axis magnetic bearing would result in different requirements, but could use the exact
procedure described here.
4.6 Design Requirements
The magnetic bearing servo-actuator design requirements from the preliminary analysis are summarized
here. The concept of rotating stall control with tip-clearance actuation requires a magnetic bearing servo-
actuator design with state of the art performance and very high load capacities. The desired design and
performance requirements include
* rotordynamically stable shaft operation over the entire compressor speed range (0 to 286 Hz).
" maximum shaft deflection of 250 pm to avoid blade tip rubs.
" 250 pm whirl radius between 0 Hz and 143 Hz excitation frequency.
" desired minimum whirl radius of 75 pm at the maximum excitation frequency of 286 Hz.
" maximum bearing diameter of 0.356 m to fit into the compressor hub housing (see Figure 4-3) without
modification of the compressor gas path.
After establishment of the design requirements a magnetic bearing vendor was identified. MECOS
Traxler AG in Switzerland was contracted to help in the detailed magnetic bearing design. The next section
discusses the above design issues and presents the detailed design of the magnetic bearing servo-actuator
([48]).
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4.7 Magnetic Bearing Servo-Actuator Design
Standard magnetic bearing suspension devices usually only yield large forces during static shaft levitation.
The magnetic bearing servo-actuator for active stall control however must deliver a large dynamic load
capacity and high magnetic forces must be generated over an air gap substantially larger than the nominal
gap, since the rotor is whirling at an off-set position from its centerline. In addition, the outer bearing
diameter and the space within the compressor hub housing are limited in this application. Hence a special
magnetic pole configuration and a new soft magnetic material with relatively small magnetic losses and
very high saturation flux densities was considered. The next section elucidates these considerations. Apart
from the magnetic bearing actuator itself, the above issues will also strongly influence the actuator power
electronics design. The following detailed electro-magnetic analysis was conducted in cooperation with
MECOS Traxler AG in Switzerland. It has to be mentioned that, since the magnetic bearing actuator
system design is a highly iterative process, only the final results are discussed here.
4.7.1 Electro-Magnetic Actuator Analysis
Pole Configuration
In order to achieve as much dynamic load capacity as possible within the given compressor housing envelope,
a non-standard 16 pole configuration is considered. This allows one to pack the required amount of copper
wiring within the narrow space between the inner and outer stator diameter. Equation (4.19) is used to
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Figure 4-19: Maximum static magnetic force per C-coil pair of a 16 pole configuration.
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estimate the maximum static force delivered by the magnetic bearing for a choice of magnetic material and
geometry. Considering n, poles the maximum static force can be written in general for a pair of C-coil
magnets of axial length b and inner pole diameter d ([71]):
7rdb B 2 np /8 7r
fmax = max - Cos I(2i - 1) . (4.31)2n, yto fnp
Assuming 16 poles Figure 4-19 depicts the maximum estimated force for different geometries and pole
materials, such as for example Si-alloys with a maximum magnetic induction of Bmax ~ 1.5 Ts or Co-alloys
with Bmax ~ 2.0 Ts. Using d = 0.2 m as a possible inner pole diameter and assuming a bearing length of
0.15 m the maximum static force at a magnetic induction of Bmax= 2 Ts is estimated to be about 34 kN.
Stator Back-Iron
Actuator Dimensions I I [
Number of Poles 16 -
Inner Actuator Dia. 220 mm
Outer Actuator Dia. 320 mm
Actuator Length 175 mm
Pole Width 24.4 mm
Nominal Air Gap 600 pm
Figure 4-20: Pole configuration with rotor laminations and dimensions of magnetic bearing servo-actuator ([48]).
A rather unconventional alternating N-S-N-S pole configuration is chosen for the magnetic bearing
actuator with the advantage that the magnetic flux through the rotor laminations and the stator back iron
is half the value of a standard N-S-S-N pole configuration 4 . Therefore to obtain the same magnetic flux
density as delivered by a standard configuration, the stator back iron and rotor lamination radial width
can be reduced by a factor of two. This yields a lighter weight magnetic rotor with beneficial influence on
the overall rotordynamics, bending mode frequencies and achievable whirl radii. However the eddy current
and hysteresis losses will be higher than in the standard case since the magnetic flux reversal frequency
is doubled. It is clear that in general a trade-off between overall rotor weight and size and rotor heat
loss must be made. In the presented application higher priority is attributed to the achievable whirl radii.
Figure 4-20 illustrates the 16 pole N-S-N-S pole configuration and the rotor lamination of the magnetic
4Usually N-S-S-N pole configurations are considered when high magnetic force capacities are required.
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bearing servo-actuator. The stator and rotor dimensions are shown next to the figure.
Servo-Actuator Load Capacity Calculation
The load capacity calculation is based on a full 16 pole flux network model which includes all magnetic
interactions and non-linearities resulting from the magnetization curve of the soft magnetic material ([48}).
Individual rotor and stator magnetic path geometries are also taken into account but the stray flux between
the magnetic poles is neglected. One major advantage of the flux network model compared to finite element
modeling techniques is its numerical effectiveness while yielding about the same accuracy (for details see
Schmidt et al. [70]). The load capacity calculation mainly depends on the geometry, the air gap and the
maximum flux density of the soft magnetic iron. Furthermore, a very important and sometimes limiting
factor in the design is the ability of the magnetic bearing servo-actuator to dissipate the heat which is
generated from coil, eddy current and hysteresis losses. Therefore an optimal actuator design yields a well
balanced trade-off between available copper volume, pole width and actuator surface area which is necessary
to conduct the generated heat loss to a heat sink. The final results of the iterative design process are shown
in Table 4.4. Note that the maximum achievable force at the nominal air gap (zero shaft off-set) of
Electro-Magnetic Properties I
Saturation Flux Density (Co Iron) 2.4 Ts
Max. Force (at nom. air gap) 31.6 kN
Flux Density (at max. force) 2.28 Ts
Current Stiffness (K) 1.021 kN/A
Position Stiffness (K.) 93.149 kN/mm
Max. Current (Saturation) 100 A
Max. Voltage (Saturation) 300 V
Electric Resistance 37 mQ
Coil Inductance 6.9 mH
Table 4.4: Optimized magnetic bearing servo-actuator design parameters ([481).
31.6 kN compares well to the previously estimated 34 kN static force. The maximum achievable force is
approximately 20% higher than the estimated requirement for the dynamic load of 25 kN. This is due to
the fact that in the case of a whirling shaft the air gap is increased and a larger force is needed for the same
shaft displacement.
To elucidate the high level of magnetic bearing load capacity the DN number (a common measure for
bearing load where D is the mean bearing diameter in mm and N is the rotational speed in rpm) is computed
and compared to DN numbers of conventional roller or ball bearings. The DN number for the magnetic
bearing actuator is 4,600,000 which is about 4.6 times higher than the usual 1,000,000 for oil mist lubricated
ball bearings. Another comparison is made to show how the magnetic bearing actuator for stall control is
different from conventional magnetic bearing levitation devices. MECOS Traxler's magnetic bearings for
the MTG400 turbo generator (the generator power is 400-500 kW at a rotational speed of 32,000 rpm with
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a rotor mass of 112 kg) deliver maximum magnetic bearing loads of 2 kN for the radial bearings and 3 kN
for the axial bearing. So for a comparable machine size the magnetic bearing servo actuator for stall control
purposes delivers about 15 times higher maximum static load capacity.
4.7.2 Overall Dynamic System Analysis - Achievable Whirl Radii
In order to compute the achievable whirl radii the magnetic bearing servo-actuator model must be combined
with a more detailed rotordynamic model of the compressor shaft. Since large forces are generated at high
frequencies, non-linear current effects and voltage saturation of the electric power amplifier must also be
taken into account. These models are briefly outlined next.
Finite Element Rotordynamic Model
A standard finite element modeling approach ([48]) is carried out to obtain a system of differential equa-
tions describing the rotor motion. This approach accounts for shear force influence, gyroscopic effects and
additional lumped mass and rotational inertia effects:
Mz+ (G+D)i+Kz = Bact fact, (4.32)
where z is the rotor position vector, containing both the horizontal and the vertical displacements x and y
of the elements. Similar to the preliminary rotordynamic model described in Section 4.5.1, M denotes the
mass matrix and includes all inertia properties (mass and radial moments of inertia). The G matrix contains
the gyroscopic terms (polar and radial moments of inertia, rotational speed). The radial and axial fluid film
bearings at the motor coupling end and the ISFD catcher bearing system at the compressor wheel end are
modeled as spring-damper elements and are included in the stiffness matrix K and the damping matrix D.
The actuator force fact is coupled into the rotordynamic system by the influence matrix Bact which defines
the geometric point of action of the magnetic force. The homogeneous solution of Equation (4.32) can be
analyzed in terms of a Campbell diagram which is shown in Figure 4-21. The two rigid body forward and
backward whirling modes are crossed by the one-per-rev line (1-E) at about 30 Hz, 180 Hz and 200 Hz.
Note that none of the flexural modes are crossed despite the strong gyroscopic effects and that the rigid
body mode frequencies compare well to the preliminary results (see Figure 4-9) obtained from the simple
lumped parameter model. The frequencies of the two rigid body modes depend primarily on the stiffness of
the fluid film and catcher bearings, the mass properties of the compressor shaft and the actuator feedback
control. In order to limit the vibration level when the rigid body critical frequencies are crossed, the rotor
must either be well balanced or the bearings, especially the magnetic actuator, must dissipate a substantial
amount of energy, i.e. provide a sufficient amount of external damping to the system.
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Figure 4-21: Campbell diagram of magnetic bearing servo-actuator obtained from finite element rotordynamic model
([48]). Forward and backward whirling modes are marked solid and dashed respectively.
Actuator and Power Amplifier Model
A linearized model of the magnetic bearing servo-actuator is used to keep the computation times at an
affordable level. Non-linear effects are included in the voltage and current saturation characteristics of the
power amplifier. As discussed earlier the linearized actuator force can be written as
fact =K , Zb + K i, (4.33)
where matrix K, contains the two identical position stiffnesses in the x and y directions and Ki contains
the corresponding current stiffnesses of the magnetic bearing servo-actuator. Vectors Zb and i denote the
rotor position within the magnetic actuator and the control current input respectively. In order to combine
Equations (4.32) and (4.33) Zb must be transformed into z assuming rigid body relations between the shaft
locations. The amplifier dynamics contain the influence of the actuator inductance and resistance L and R
and the back-EMF term due to rotor motion (for details see Vischer et al. [92]):
di 1
u = R i+ L- -Ki zb, (4.34)dt 2
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Figure 4-22: Left: current-force characteristic of magnetic bearing servo-actuator and operating locus; right: achievable
whirl radii at several shaft locations and amplifier operation limits ([48]).
where vector u contains the coil voltages. The achievable whirl radii can now be determined by solving
Equations (4.32), (4.33) and (4.34) for position vector z.
The resulting high order system of non-linear differential equations must be solved numerically and the
solution procedure is quite involved and time consuming. Instead a much faster iterative solution procedure
was developed ([48]). First let us consider the following thought experiment: if the whirling rotor was a
single lumped mass then it is kept in orbit by a single radial force of constant amplitude with a phase of
180 degrees relative to the displacement vector. Therefore in the iterative solution procedure the excitation
force is assumed to be 180 degrees out of phase despite gyroscopic effects of the rotor and external stiffnesses
and damping properties of the fluid film journal bearings5 . It has to be mentioned that in the experiment
the same effect can be achieved by introducing a synchronous signal rejection scheme in the magnetic
bearing feedback controller (for details see Herzog et al. [36]). This yields a completely force-free rotation
about the principal axis of the rotor and eliminates the transmission of synchronous unbalance forces to the
machine housing. Also since the steady-state whirl orbits are of interest all transient parts of the solution
are neglected and Equations (4.32), (4.33) and (4.34) are solved in the frequency domain.
The results of the iterative solution procedure are shown in Figure 4-22 for the shaft spinning at design
speed (286 Hz). The plot on the left hand side depicts the family of non-linear current-force characteristics
of the magnetic bearing servo-actuator and the locus of operating points ranging from 0 to 300 Hz excitation
frequency at maximum available power (thick solid line). Note that the effect of a varying air gap is included
in the calculation. The achievable whirl radii at several shaft locations are plotted on the right hand side
5 1t can be shown that this assumption yields a maximum error in the phase of about 20 degrees for frequencies above 50
Hz.
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together with the operational constraints of the amplifier (300V saturation voltage, 100 A saturation current
split into 50 A bias and 50 A maximum control current) and the whirl radius limitation at the magnetic
bearing location (250 pm). The results show that the design requirements stated in Section 4.6 are fulfilled:
250 pm compressor blade tip deflection is achieved up to 185 Hz (the blade tip displacement in this frequency
band is even higher than the requirement since the actuator is operating at maximum available power) and
a minimum of 75 pm is obtained at the synchronous excitation frequency of 286 Hz. The non-linear current
and voltage saturation effects of the amplifier are well visible in these performance characteristics.
4.7.3 Heat Loss and Cooling Analysis
As mentioned earlier, a trade-off between achievable whirl radii and magnetic bearing heat loss had to be
considered in this design. Since the required shaft displacements and excitation frequencies are rather high
compared to standard magnetic bearing applications, the heat loss is expected to be substantial. Therefore
a detailed heat loss and cooling analysis was carried out ([48], [88]). The analysis involved the modeling
of magnetic bearing stator losses (coil resistance, magnetic reversal (hysteresis) and eddy current loss),
magnetic bearing rotor lamination losses (hysteresis and eddy current loss), aerodynamic windage loss in
the magnetic bearing gap and dissipation in the fluid film journal and catcher bearing systems due to high
frequency rotor whirl. All magnetic bearing stator loss and the dissipation in the fluid film journal bearings
must be supplied by the power amplifiers. The lamination and aerodynamic losses in the magnetic bearing
rotor however must be supplied by the motor drive. The results of the heat loss analysis are summarized
in Table 4.5. It should be mentioned that these values correspond to a worst-case situation since all losses
Table 4.5: Total
Stator Losses [W] Frequency [Hz]
Coil Resistance 560 115
Eddy Current & Hysteresis 180 190
Rotor Losses
Windage Loss 2500 286
Eddy Current & Hysteresis 5060 286
Bearing Dissipation
ISFD Catcher Bearing 864 120
Fluid Journal Bearing 2729 185
mechanical, electro-magnetic and aerodynamic losses at 286 Hz design speed ([48]).
are taken at their peak values (different frequencies in Table 4.5) and the shaft is assumed to be spinning
at design speed (286 Hz).
The cooling concept for the NASA Stage 37 magnetic bearing axial flow compressor includes three
different cooling systems and a preliminary cooling analysis was also conducted. Water cooling through
a cooling jacket around the stator is estimated to provide a cooling power of 950 W which covers the
stator losses plus a part of the aerodynamic losses. Cooling oil is run through and around the fluid film
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bearings at the front and rear shaft end and is expected to exchange a total of 8650 W power due to the
bearing dissipation and rotor lamination loss. In addition, cold high pressure air is run around the shaft
with an estimated cooling power of 2280 W to cover most of the aerodynamic losses. Clearly this analysis
indicates that heat dissipation significantly complicates this particular magnetic bearing design. A detailed
design layout ([48]) is shown in Figure 4-23 depicting the final compressor rotor and magnetic bearing
design together with the cooling schemes. 8 struts downstream of the compressor stator blades provide the
necessary support for the magnetic bearing housing and are used to feed water and cooling oil.
Water Cooling
Supply
Electrical Connections
%_P 
-_._..._....... and Oil for Fluid Bearing
Position-
Sensors
MB Rotor
Catcher .---
Bearing 
- -
Pressurized
Cooling Air
Bearing Oil and
Cooling Supply
Figure 4-23: Detailed design layout of magnetic bearing servo-actuator and facility interfacing ([48]).
4.8 Closed Loop Stall Control Simulation
The final design of the magnetic bearing servo-actuator was then used to simulate the closed loop stall
control experiment. The final magnetic bearing system dynamics AMB were included in the closed loop
system shown in Figure 4-12. As mentioned earlier, a simple PI-lead network was implemented in the inner
servo control loop of the magnetic bearing actuator. Again a constant gain stall controller was used in the
outer loop to stabilize the zeroth harmonic mode with unsteady air injection and the first harmonic mode
with tip-clearance actuation. The compressor was throttled into stall and a 2.3% reduction of stalling mass
flow was obtained. The simulated open loop and closed loop stall points and the compressor characteristic
at design speed (286 Hz) are shown in Figure 4-24. The stable operating range extension with tip-clearance
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Figure 4-24: Simulated NASA Stage 37 compressor characteristic at design speed. The stall points with magnetic bearing
tip-clearance actuation and no control are marked with (o) and (*) respectively.
actuation is comparable to the results obtained in the same compressor by Weigl et al. [96] using unsteady
air injection. These results show that tip-clearance actuation with magnetic bearings is an effective actuation
scheme and establish the viability of magnetic bearings for stall control in high-speed compressors.
4.9 Summary and Concluding Remarks
This chapter presents a general design procedure to develop magnetic bearing servo-actuators for high-speed
compressor stall control. The design procedure is carried out in an example analysis for the NASA Glenn
high-speed single stage axial flow compressor and results specific to this compressor are reported here.
It has to be pointed out that this specific application introduced special design constraints and unusual
complexities due to the existing test rig setup and environment. For example, the constraint of a two-axis
magnetic bearing with a contacting catcher bearing system and an existing fluid film journal bearing setup
at the motor drive coupling end are not encountered in a general design problem. If a compressor with
magnetic bearings were developed from scratch, many of the design constraints would be relaxed. Therefore
the design process is emphasized here rather than the presented numbers.
The key analysis in the design process is the determination of the control authority of tip-clearance
actuation and the design requirements of the magnetic bearing. A unique stochastic estimation and control
analysis is presented and applied first to unsteady air-injection actuation as a test case. The obtained results
compare well to experimental data and give confidence in using this procedure for tip-clearance actuation.
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Next the magnetic bearing servo-actuator design requirements are determined by combining the stochas-
tic estimation and control approach with a preliminary rotordynamic analysis and a dynamic compressor
tip-clearance model which utilizes both CFD and experimental data. Although the results are for a specific
experimental rig, they indicate that in general the concept of rotating stall control with tip-clearance ac-
tuation requires a magnetic bearing servo-actuator design with state of the art performance and very high
dynamic load capacities (i.e. magnetic bearing forces 15 times larger than the load capacities of comparable
levitation devices).
A detailed electro-magnetic and mechanical analysis of the magnetic bearing servo-actuator is conducted
([48]) and the design fulfills the requirements. The magnetic bearing servo-actuator yields a remarkably
high dynamic force level and bandwidth, both of which are necessary for this application due to the large
mass and the high excitation frequencies. The design considers a trade-off between the achievable whirl
radii and the generated heat loss. The heat loss calculation reveals rather high values due to the special
constraints and in addition a cooling analysis is conducted. Active water, oil and air cooling are considered
necessary to provide sufficient cooling power.
Stall control laws are then developed and the final magnetic bearing servo-actuator design is implemented
in a closed loop stall control simulation to determine the benefit in terms of extension of stable compressor
operating range. The simulation results yield a 2.3% reduction in stalling mass flow which is comparable to
results with unsteady air injection. The design and simulation results presented in this chapter establish the
viability of rotating stall control as an additional application of magnetic bearings in high-speed compressors.
The presented analysis and design strategy also sets a milestone in magnetic bearing development for aero-
engine applications. The maximum loads that aero-engine bearings must sustain are on the order of 9 g
(impacts on landing etc.) which makes a magnetic bearing design very challenging. The magnetic bearing
actuator presented here yields a maximum load capacity of about 25 g.
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Chapter 5
Analysis of Unsteady
Impeller-Diffuser Interaction Effects
on Compressor Stability
The modular multi-actuator disc Model II, introduced in Section 2.3, allows one to model blade rows or
compressor blocks that are separated by ducts or inter-blade-row gaps. The development of this model
was motivated by the desire to model centrifugal compressors, where it will be shown that the rotor-stator
gap plays an important role in the system dynamics. When swirl is taken into account, the radial spacing
between the impeller and diffuser is significant, and this spacing affects the compressor performance and
stability. Detailing the impact of the impeller-diffuser gap on centrifugal compressor stability is the subject
of this chapter.
Under the active rotating stall and surge control thrusts at the NASA Glenn Research Center a test
program was initiated with the goal to enhance centrifugal compressor stability with air injection. Prior
to the research presented here the physical inception mechanism for surge and rotating stall in centrifugal
machines was not well understood. In addition, the effect of unsteady impeller-diffuser interaction on
stability has not previously been studied. This Chapter addresses these specific two issues using Model II.
The test vehicle investigated is the NASA CC3 high-speed centrifugal compressor. Based on the following
analysis and the presented model predictions surge control experiments were conducted and are discussed
in detail in Chapter 6.
5.1 Background
Centrifugal compressors have many applications ranging from ground-based pumps to turbochargers to
aero-engine gas turbines. A centrifugal compressor stage consists of an impeller and either a vaneless or
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a vaned diffuser. Apart from lower fabrication costs due to fewer parts, a major difference compared to
axial machines is that a much higher stagnation pressure ratio per stage (on the order of 10:1 [12]) can be
obtained because most of the impeller pressure rise is associated with the centrifugal force field. However,
a substantial part of the impeller work is in the form of high kinetic energy at the exit and an effective
diffuser is needed to decelerate the swirling flow. Efficient and stable operation of the diffuser is crucial for
a satisfactory overall stage pressure ratio. Although exhibiting the same type of instabilities, rotating stall
and surge, centrifugal compressors are characterized by a much broader spectrum of unstable behavior than
axial flow compressors. The wide variety of instability behavior, among with the inherently complicated
flow in such a machine, are primary reasons that rotating stall and surge in centrifugal compressors are less
well understood than similar phenomenon in axial compressors.
A major part of this complicated flow is the non-uniform flow exiting the impeller which is often referred
to as the jet-wake. Most of the flow leaves the impeller in the jet, a region of almost loss free flow in the
relative frame of reference. The wake has much smaller velocity with much lower relative stagnation pressure
but it can occupy a large part of the passage area. The jet-wake is a result of secondary flow induced by the
blade-to-blade and axial-to-radial turning of the flow. Dean and Senoo [16] developed an idealized jet-wake
model by treating the flow in a two-dimensional manner and dividing the passage circumferentially into
jet and wake. Their calculation suggested that the rapid attenuation of flow distortions can be attributed
to the reversible energy transfer between the two regions and that the vaneless diffuser loss is caused by
wall friction. The model by Johnston and Dean [46] assumes that the diffuser inlet flow is mixed out to a
uniform state through a sudden expansion, so that most of the vaneless diffuser loss is due to the mixing loss
at the inlet. Inoue [42] re-examined these two models and found that both predicted similar loss for a wide
range of inlet conditions with typical design parameters, despite the fundamentally different assumptions
made. Although the jet-wake is a three-dimensional flow effect, the approach chosen in this Chapter is
two-dimensional. The flow redistribution in the vaneless space between impeller and diffuser is accounted
for and modeled using the radial space transmission matrix of Model II.
As stated by Cumpsty [12] impeller-diffuser mismatching is a more common cause of poor performance in
high pressure ratio machines than details of impeller and diffuser vane shape. In design practice engineers
have used empirical methods to account for the interaction between impeller and diffuser. For example
Rodgers [65] demonstrated there is an optimum impeller-diffuser gap size for maximum impeller pressure
rise and efficiency. More recently Shum [74] numerically investigated the effect of different gap sizes on
stage performance and efficiency at design conditions. He identified the consequent changes at the impeller
exit with increasing interaction (closer spacing) as reduced slip, reduced blockage and increased loss. The
first two were beneficial to pressure rise while the third was detrimental. It was shown there is an optimal
gap size for maximum impeller pressure rise associated with the following mechanism: when the diffuser
is placed closer to the impeller than optimum, increased loss overcomes the benefits of reduced slip and
blockage. Little attention has been given to the impact of impeller-diffuser spacing on the dynamic stability
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of the compression system. In this chapter the effect of the gap size on system stability is modeled and
investigated.
Extensive studies, mostly experimental, have been conducted on flow instabilities in centrifugal com-
pressors. For example Hunziker and Gyarmathy [39] present an analysis of the effect of subcomponent
performance on the operational stability of a centrifugal stage with a vaned diffuser. Lawless and Fleeter
[51] show experimental data on rotating stall acoustic signatures in a vaneless and a vaned diffuser. Other
publications focus more on specific system components. Abdelhamid [1] and Frigne and Van Den Braem-
bussche [26] present models for rotating stall in a vaneless diffuser. Impeller stall is discussed in Frigne
and Van Den Braembussche [27]. However, little attention was given in these studies to the impact of
impeller-diffuser interaction effects on compression system stability and a detailed dynamic analysis of an
entire centrifugal compression system has not been reported.
5.2 Research Questions and Objectives
The objective of this chapter is to investigate the physical inception mechanism for surge and rotating stall
in centrifugal machines and the effect of impeller-diffuser interaction on centrifugal compressor stability.
Instead of focusing on detailed three-dimensional features of the flow in the region of interaction, a systems
approach based on the assumptions of two-dimensional (in axial segments (x, 9) and in radial segments
(r,6)), linearized unsteady flow is conducted. Thus in this thesis impeller-diffuser interaction is associated
with flow effects on the radius scale and this term does not refer to investigations on the blade scale. The
modular multi-actuator disk Model II is used to gain physical insight into the above issues and, in particular,
to address the following research questions:
" What effect does unsteady impeller-diffuser interaction have on the stall pre-cursors and the stability
of the compression system?
* What physical mechanism is responsible for these effects?
" How do axial compressors differ from centrifugal machines in this regard?
" How should air injection be implemented for surge control experiments in the NASA Glenn CC3
centrifugal compressor?
" What design implications can be made regarding the effect of impeller-diffuser interaction on centrifu-
gal compressor stability?
5.3 Organization of Chapter
Using compressor Model II (see Section 2.3) the effects of unsteady blade-row interaction on stability in
an axial compression system is first investigated. The physical mechanism for the blade-row interaction
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effect on system stability is then presented based on first principles. Next the approach is carried over
to a centrifugal compression system. The NASA CC3 high-speed centrifugal compressor is modeled using
Model II and a prediction of the dynamic pre-stall behavior is given. Based on the modeling the design
of air injection nozzles for the surge control experiment at the NASA Glenn Research Center (details on
the experiment are given in Chapter 6) is described. The model predictions for the compressor dynamic
behavior are then compared to experimental measurements. Last, the implications and the impact of the
results on compressor and turbine turbomachinery are given and the conclusions are summarized.
5.4 Analysis of Unsteady Blade-Row Interaction Effects on Axial
Compressor System Stability
The modular, multi-actuator disk approach referred to as Model II and described in Section 2.3 is used
throughout this analysis. Before the unsteady interaction between blade-rows is analyzed it is instructive
to investigate the dynamic behavior of isolated blade rows starting with an isolated stator and an isolated
rotor. This will help to understand the dynamic behavior and the interaction effects of blade rows separated
from one another by an inter-blade row gap.
5.4.1 Pre-Stall Modes in an Isolated Stator Blade-Row
Consider the situation depicted in Figure 5-1 where an isolated stator blade-row is bounded by two ducts
of infinite length. The upstream mean flow with swirl angle a 1 is diffused through the blade-row with
the steady-state swirl sensitive loss characteristic which depends on the axial and tangential velocities at
the stator leading edge L" (V,, Voi). Using the velocity triangles the loss dependence can be written in
compact form as L"s"(tan ai). For simplicity it is assumed that the flow exits with no swirl and unsteady
0
STA 1 STA 2
V2 = _q
a2 =0
tU V,
x =g -reX o X=+00
Figure 5-1: Isolated stator blade-row with upstream swirl.
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loss effects are neglected. Using the n-th harmonic transmission matrix defined in Equation (2.48) and
assuming irrotational flow upstream, the n-th harmonic Fourier coefficients of the flow perturbations can
be written for the upstream region as
[P, IOUP, PUP], [1, j, -- - - j V 01 ]- A,(s) e" , (5.1)n
and for the downstream region as
[ VPn,  Nn| = [1, -j, -Vx +j V 0 2]T Bn(s) e-nx
+ [ - + , n 0]T-C(S) -e e (5.2)
nVx VX
Note that only decaying potential modes are considered (Bn(s) is set to zero for the upstream region and
An(s) is set to zero for the downstream region) and that the downstream flow is rotational due to the
vorticity shed from the blade row. Similar to Section 2.3.4 the boundary conditions across the stator blade
row can be written in linearized form as
Vx2 = Vi (5.3)
Vo2 = 0 (5.4)
~~ - --- OL 1
P 2 - P 1 - Vo1 Voi = _ S =-(Vol - tan a1Vx1) - Astas Vxi , (5.5)tan ai Vx
where the blade row inertia Asta has been included in the pressure balance across the stator. The subscript n
is dropped for convenience. Combining the above flow perturbation solutions with the boundary conditions,
a homogeneous system of equations is obtained for the unknowns An (s), Bn (s) and Cn (s). For a non-trivial
solution the determinant must be zero, i.e.
1 -1 -1
0 -j --- = 0. (5.6)
nV,
aL" j-tan a + s(nAnt+1) s
atanal V, nV nVx
Noticing that (j - j'-) can be factored out when the above determinant is rearranged by subtraction of
the second column from the third column, the eigenvalue problem yields
1 0 -1
(j - ) - 0 -j i 0. (5.7)flVx BL'5 j-tana1 o s(nA..+1)
Btan ai y2 ny,
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The root s = nV, is spurious and the only physical solution for the n-th harmonic fundamental stator
pre-stall mode is s = o-, - jwo where the growth rate is
.LY tanai 
_-
on = atanQ1 v , (5.8)Asta±+ 2
and the rotation rate is
L'S 1
Wn = "tan" . (5.9)
Asta±+n
It is important to note the following three results from the above analytical solution. (1): since Asta, V,
and n are all positive quantities, the sign of the rotation rate Wn depends only on the sign of the slope of
the stator loss L"s with respect to the tangent of inlet flow angle tan a1 . For a typical blade row ([12])
this slope is positive for high incidence angles (high inlet swirl angle) or flow coefficient less than the design
flow coefficient (loss bucket). Hence, the pre-stall waves in an isolated stator blade row travel in the 6
direction (the direction in which an accompanying rotor would rotate). This is in agreement with the early
flow model for compressor stall by Stenning [83]. Relating the total pressure loss to the static pressure
coefficient and neglecting the unsteady blade row inertia and the downstream duct impedance, it can be
shown that at neutral stability, Equation (5.9) becomes Stenning's formula for stall propagation speed. (2):
decreasing the flow coefficient results in an increased incidence (inlet swirl angle a1 ) and larger slope of the
loss characteristic with the net effect of raising the growth rate o-, (less negative). The flow through the
stator blade row is neutrally stable when the slope of the loss characteristic with respect to tan a1 reaches
the value of / tan a1 . (3): the classical linearized Moore-Greitzer approach for multi-stage compressors
(see Section 2.5) is not appropriate for isolated stator blade rows because in this model one would set the
rotor blade-row inertia to zero to represent an isolated stator. This would yield modes with zero rotation
rate. Thus, to capture the dynamic behavior of traveling pre-stall waves in isolated stator blade-rows, swirl
sensitivity must be introduced.
5.4.2 Pre-Stall Modes in an Isolated Rotor Blade-Row
Similar to the stator case an isolated rotor is considered next. As depicted in Figure 5-2 the mean flow
enters the rotor blade row with zero absolute inlet swirl (a 1 = 0) and leaves it at the absolute exit swirl
angle a 2 . Assuming again irrotational flow upstream the n-th harmonic Fourier coefficients of the flow
perturbations are defined as in Equations (5.1) and (5.2). Neglecting unsteady loss effects the boundary
1 The eigenstructure of this solution becomes singular in the downstream region and the root and its mode shape are
therefore non-physical. This can be shown by substituting s = nV, into the downstream flow field Equation (5.2).
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1o Q
STA 1
a, = 0
STA 2
V2
02
x = 0
Figure 5-2: Isolated rotor blade-row with exit swirl.
conditions yield with Voi 0 across a rotor blade-row with swirl sensitivity L" (tan 31)
Vx2 = Vx1
V02 = tan 02 x1 (5.10)
P 2 + V02VO2 - P1 = tan - (o1 - tan,1) - Arot (s + in) Vx1Otan 1  V t
where the subscript n is dropped again for convenience. Using the same procedure as for the isolated stator
blade-row the determinant becomes
1
0
-
+
1+
s(nA,.a+1) + jnAot-tan 321
nV, V
0 -1
1 - _+-2
Vy nv
j-tan a 2  11 +tana 2
(tan a2 - --
A spurious root can again be isolated (bracketed expression on the left) and the only physical solution for
the rotor blade row eigenvalue S = o- - jWn yields
and
tan 32 + LW tan3 - Tx (1+ tan2 a 2 ) + tan a 2
Arot + n
aLd /±+nArot +1
o = tan 21 .
Arot+ n
(5.12)
(5.13)
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(j+tana2 - nVX
= 0.
(5.11)
Results similar to the ones obtained from the stator blade-row analysis can be deduced. Note that, compared
to the isolated stator solution, the growth rate includes additional terms originating from isentropic work
input (tan /2) and exit swirl (tan a 2). Since the blade passage fluid inertia acts in the rotor frame of
reference the rotation rate of the pre-stall modes is higher than in an isolated stator blade-row (compare
Equations (5.9) and (5.13)). It can be shown that, if exit swirl V 0 2 and unsteady blade passage inertia are
dropped in Equation (5.10), the solution is identical with the isolated stator blade-row solution. Consistent
with the Stenning theory, the pre-stall waves of an isolated rotor are also traveling in the direction of
rotation. Stenning's formula for stall propagation speed can again be obtained from the above solution if
the unsteady blade passage inertia and the downstream impedance are neglected and the total pressure loss
is expressed in terms of the static pressure coefficient.
Due to the unsteady blade passage inertia effects in the rotor frame of reference the classical Moore-
Greitzer solution (see Section 2.5) is appropriate to model isolated rotor blade-rows and yields non-zero
rotation rates for the pre-stall modes. To capture the physical pre-stall behavior in an isolated rotor blade-
row swirl sensitivity is not a necessary modeling assumption.
5.4.3 Pre-Stall Modes in Interacting Rotor-Stator Blade-Rows
Next a rotor blade-row followed by a downstream stator blade-row are considered as shown in Figure 5-3.
The flow upstream of the rotor is assumed irrotational with no inlet swirl. For simplicity unsteady loss
1__ o
STA 1 STA 2 STA 3 STA 4
V 4 V,
13 = a 2 V 0 3
V2  _
Uj=0 U2 V02
FLOW V, 1  - x
x=- X x 0 X= AX x + 00-
Figure 5-3: Interacting rotor and stator blade-rows.
effects are again neglected. The flow in between the rotor and stator blade-rows is rotational since vorticity
is shed from the rotor blades. Downstream of the stator the flow is also rotational. To analyze this more
complicated situation Model II is used as described in Section 2.3.5. Stacking up the model components for
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the ducts, rotor and stator blade rows and the inter-blade row gap yields the system transmission matrix
Xsys,n(s) = Tax,n(4, S)1 - Esta,n(S) - Egap,n(S) - Brot,n(s) - Tax,n(Xi, s) . (5.14)
Together with the boundary conditions for infinite length ducts, which state that potential perturbations
can only decay in the upstream and downstream regions and that vortical information is propagated in the
flow direction only, an eigenvalue problem is obtained as discussed in Section 2.3.7
EC -XsYS(S) = 0, (5.15)
IC
where IC and EC represent the inlet and exit boundary conditions, and can be shown to be given by
IC and EC = [1 0 0] . (5.16)
0 0 1
This model is implemented for a generic rotor and stator blade-row. The blade-row geometry and
performance for an operating point at the peak of the total-to-static stage pressure rise characteristic
Vpt" are summarized in Table 5.1. The shot-gun method presented in Section 2.4.2 is used to find all
eigenvalues for spatial harmonics n = 1 through n = 6. The system eigenvalues obtained are plotted in
Figure 5-4 for a blade-row spacing of Ax = 0.3 non-dimensionalized by the mean radius. The downstream
throttle coefficient was set for an operating point at peak pressure rise. The spatial harmonic number of the
corresponding modes are marked by numbers. In all, twelve eigenvalues are visible. The existence of two
modes for each harmonic suggests that one mode is dominated by perturbations in the rotor and the other
mode is dominated by perturbations in the stator. Two striking features should be noted. First, higher
harmonic modes are less stable and second, some modes have negative rotation rates. In order to elucidate
the situation two limiting cases are considered next.
In the first case Ax is set to zero. This results in a system where rotor and stator are closely coupled,
Rotor Stator
relative inlet swirl #1 = -71.1 #3 = -35'
absolute inlet swirl ai = 00 a 3 = 65.70
relative exit swirl 02 = -350 34 = -71.14
absolute exit swirl a 2 = 65.70 a 4 = 00
slope of loss characteristic
at V = 0.34 9 = -0.6938 0.0411
____________________ - tan a3p
blade chord CR = 0.135 cs = 0.121
stagger angle YR = -50.2" 7s = 61.80
blade passage inertia Arot = 0.212 Asta= 0.256
Table 5.1: Generic rotor and stator geometry and performance.
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Figure 5-4: Rotor-stator system eigenvalues for a non-dimensional blade-row spacing of Ax = 0.3. The spatial harmonics
are numbered next to the modes.
corresponding to the Moore-Greitzer problem with all blade rows lumped into a single semi-actuator disk.
From Equation (2.140) the system modes are readily determined and plotted as stars in Figure 5-5. The
growth rates are all zero since the slope of the compressor characteristic is zero at the chosen operating
point and unsteady loss effects have been neglected.
Then the inter-blade row spacing Ax is taken to infinity. Now the blade rows are infinitely far apart and
can be treated in isolation. Using the analytical expressions for an isolated rotor blade-row, Equations (5.12)
and (5.13), the rotor modes are plotted as squares in Figure 5-5. Similarly the stator modes are determined
using Equations (5.8) and (5.9) for an isolated stator. The stator modes are plotted as diamonds and all
spatial harmonics are numbered. Note that all modes corresponding to the isolated rotor are unstable and
that the isolated stator modes are stable and yield much lower rotation rates.
It is conjectured from this analysis that each of the single modes originating from the closely coupled
rotor-stator system (Moore-Greitzer compressor) splits into a rotor mode and a stator mode when the rotor
blade-row is separated from the stator blade-row. If the spacing is large enough that the rotor is entirely
decoupled from the stator, these modes must converge to the isolated solutions. To show this is the case a
parametric study is conducted. Using Model II the system eigenvalues are computed for a range of inter-
blade row spacings. For spatial harmonic n = 3, Ax is varied from 0 to 1. The result is shown in Figure 5-6
in a root-locus plot.
Setting the inter-blade row gap to Ax = 0 the rotor and stator blade rows are directly coupled and the
Moore-Greitzer solution is obtained (star). Since the operating point is set to the peak of the total-to-static
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Figure 5-5: System eigenvalues for an isolated rotor blade-row (squares), an isolated stator blade-row (diamonds) and a
closely coupled rotor-stator system (stars) with Ax = 0.
pressure rise characteristic, the third harmonic mode is neutrally stable. When the stator is separated from
the rotor by an axial gap of Azx 0.15, the pre-stall mode moves to the left. It stays at the same rotation
rate but is more stable. This stabilizing effect is consistent with the argument suggested by Longley [52]
for multi-stage machines: axial gaps appear longer for higher harmonic modes and therefore the compressor
behaves more like multiple individual stages. An individual stage has its total-to-static pressure rise peak
at lower flows than the overall compressor (assuming identical stages) and hence the axial spacing stabilizes
the higher modes. Returning to Figure 5-6 a further increase in inter-blade row spacing yields an abrupt
change in the pre-stall dynamics. A second mode, that was infinitely stable for small axial gaps (o- = -oo),
moves rapidly toward the other mode with increasing growth and rotation rate. Once the two modes are
close and at roughly the same rotation rate, they seem to repel each other. In order to co-exist one mode is
deflected to higher rotation rates and the other mode moves to lower rotation rates. At an inter-blade row
spacing of Ax = 0.19 the latter slows down in rotation rate and starts to rotate backward (negative rotation
rate). Meanwhile the other mode reaches much higher positive rotation rates and becomes unstable at an
axial spacing of Ax = 0.5. At Ax = 0.45 the backward traveling mode moves back to positive rotation rates.
A further increase in inter-blade row spacing has little influence on the mode location and both eigenvalues
eventually converge to their isolated solutions. The analytical solutions for isolated blade rows (Ax = o)
are marked for the rotor (square) and for the stator (diamond).
This root-locus analysis clearly shows two modes. When rotor and stator are closely coupled one mode
is very highly damped with a growth rate of a = --o and barely noticed in the compressor dynamics. For
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an operating point at the peak pressure rise the other mode is neutrally stable and seems to be the only
mode that has influence on the system pre-stall behavior (as in the Moore-Greitzer theory). For larger
inter-blade row spacings the highly damped mode moves very rapidly to higher growth rates and into the
vicinity of the dominant mode. Now both modes strongly influence the pre-stall dynamics and it looks as
if two modes have evolved out of one. This is reminiscent of a bifurcation, even though both modes always
exist.
To further elucidate this behavior the imaginary parts (rotation rate) and real parts (growth rate) of
the system modes are plotted with respect to the inter-blade row spacing Ax. Figure 5-7 depicts the
bifurcation-like diagram. In this plot the rotation rate is plotted as a dotted line for growth rates smaller
than -2, assuming that for a growth rate lower than -2 the eigenvalue has no influence on the dynamics
(very highly damped). The stabilizing effect of an axial spacing less than about 0.15 is clearly visible. The
bifurcation-like behavior is observed at a Ax of about 0.17 when the dotted curve (rotation rate of the
initially highly damped mode) crosses the solid curve (rotation rate of initially dominant mode) and the
growth rate of both modes (dashed lines) starts to increase (destabilizing effect). As discussed earlier the
rotation rate of the stator coupled mode is negative for axial spacings between 0.19 and 0.45 and convergence
to the isolated blade row solutions is obtained for Ax > 0.8.
Three different regimes of interaction are identified in the above diagram. The regime of "strong in-
teraction" is defined up to the bifurcation-like point (dark shaded area in Figure 5-7). The "moderate
interaction" regime includes the bifurcation-like behavior and the region of backward travel. The regime
150
2> 1.5
1a-
LL
Rotor Mode
0.5 Stator Mode
Cz -------- - ----------- - --- ------- --------------------------
2 0. /,'- Rotation Rate (Imag. Part)
-0 Growth Rate (Real Part)0 o-05
0
-1.5
Strong Moderate Weak
Interaction I Interaction Interaction
-2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Inter-Blade Row Spacing Ax
Figure 5-7: Bifurcation-like diagram for third harmonic (n = 3) system eigenvalue of interacting rotor-stator system for
variable inter-blade row spacing Ax 0..1.
of "weak interaction" covers the region of convergence to the isolated blade-row solutions. From this anal-
ysis the following important question is raised: what physical mechanisms are responsible for the dynamic
behavior in these three interaction regimes?
5.5 Physical Mechanism For Blade-Row Interaction Effects on
Compressor System Stability
To gain a better understanding for the nature of the interaction process a thought experiment based on
a simple approach is conducted first. Let us reverse the typical situation by assuming that a compression
system mode is traveling backward and ask what properties a device would need to have to do so. Consider
a device with unknown properties that is bounded upstream and downstream by ducts of infinite length.
This is sketched in Figure 5-8. The flow in the upstream duct is irrotational and enters the device with
no swirl. It can be assumed that the device produces some vorticity so that the flow in the downstream
duct is rotational. The flow leaves the device with no exit swirl. As before the flow in the upstream and
downstream ducts can be modeled using the transmission matrix defined in Equation (2.48), and the n-th
harmonic Fourier coefficients of the axial velocity and pressure perturbations yield for the upstream region
[VXUP, I,"gI, IUP] = [1, j, -- - V,] - An (s) - e (5.17)
n
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Figure 5-8: Thought experiment: device with unknown properties yielding backward traveling system mode.
and for the downstream region
[iV"dn if", n"T = [1, -j, - VjT - B,(s)
+ [1, - S 0 C C(s) - . (5.18)
nVx
The device introduces an impedance on the flow, and the boundary conditions across the device are written
in a general form as
Vx2 = r e - Ps (5.19)
V02 = 0 (5.20)
P2 - Pi = (ZR + j zI) xi , (5.21)
where the subscript n is dropped for convenience and the four parameters r, p, ZR and zi are suggested to
characterize the device properties. The axial velocity perturbation upstream can be amplified or attenuated
by an unknown gain r and turned by an unknown phase p. A complex pressure coefficient z = ZR + jzI
together with the axial velocity perturbation balance the upstream and downstream pressure perturbations
across the device. Combining the flow field solutions above with the boundary conditions, a system of
equations is obtained for the three unknowns A(s), B(s) and C(s). For a non-trivial solution the determinant
of the resulting matrix must be zero giving
r e'r 0 -1
- 0 j =V 0 (5.22)
-n(z-ijzl)+s + 1 1 0
nv.
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where, as in Equation (5.7), a spurious root can be isolated in the bracketed expression on the left. The
only physical solution for the system eigenvalue s = cr - jwn then yields
a, _ (ZR - V)(1 + r cOs ) + zI r sin p
nI +r 2 +2rcoso
wn _
n
-zI (1 + r cos p) + (ZR - V) r sino
1 + r 2 + 2rcos
(5.23)
(5.24)
Let us assume now that the system mode is traveling backward. Considering for example the interacting
rotor-stator system discussed earlier, the third harmonic mode in Figure 5-4 has a growth rate of o-3 = -0.22
and is traveling backward at W3 = -0.17. Together with these numbers and V, = 0.34 the above equations
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Figure 5-9: Four-dimensional domain [r, cp, zR, zl] where device properties are
s = -0.22 - j(-0.17) exists.
such that the backward traveling wave
define a four-dimensional domain in [r, o, ZR, ZI] where the device properties are such that a backward
traveling wave exists. This four-dimensional domain is depicted in Figure 5-9 in a two-dimensional plot.
Any point on the solution domain yields a combination of the four device properties such that the third
harmonic mode has the given growth and (negative) rotation rate.
Using the full model for the same interacting rotor-stator system (Model II implemented in Section 5.4.3)
the suggested four device properties can be determined and compared to the solution domain given in Fig-
ure 5-9. To do so the mode shapes of the axial velocity and the static pressure perturbations corresponding
to the same third harmonic system mode s = -0.22 - j(-0.17) are reconstructed in Figure 5-10 a) and b)
respectively. The rotor and stator blade-row locations are marked by the dashed vertical lines. Two of the
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Figure 5-10: Mode shapes of axial velocity perturbation (a) and static pressure perturbation (b) for third harmonic system
mode s = -0.22 - j(-0.17) from Model 11.
suggested device properties r and a can easily be determined from Figure 5-10 a) and yield r = 2.46 and
o = 37'. Marking r and o in the solution domain of the device in Figure 5-9 (full dot) the corresponding
ZR and z, can be determined (dashed lines) and yield ZR = 0.046 and zJ = 0.065. Returning now to the
mode shapes obtained from Model II in Figure 5-10 (a) and (b) ZR and z, can also be computed and give
ZR = 0.043 and zI = 0.06. The two results compare well with relative errors on the order of 8 percent.
Now let us assume a classical Moore-Greitzer compressor for the device by setting r = 1 and O = 0'
(circle in Figure 5-9). With this both ZR and zJ are determined to be positive. However, according to the
Moore-Greitzer approach ZR ~ 2 and zj ~ -A with the fluid inertia A being positive. This contradicts the
conditions obtained from the solution domain and yields that the assumptions made in the Moore-Greitzer
approach do not support backward traveling waves.
The following can be concluded from this thought experiment and the simple approach. (1): the four
parameters suggested to characterize the device properties seem to capture the same physics as the full
model. Note that in the simple approach all blade-row and inter-blade row dynamics are lumped into two
complex phasors only (the four device parameters). (2): it is conjectured that the device properties must be
such that the flow can redistribute inside the device. The two complex phasors (the four device parameters)
allow for a flow redistribution. If flow redistribution is inhibited backward traveling waves may not be
observed.
In order to explain the mechanism for backward traveling waves a first principles based approach is
conducted next.
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a) Axial Velocity Perturbation b) Static Pressure Perturbation
5.5.1 First Principles Approach for Backward Traveling Pre-Stall Waves
It is conjectured from the above that flow redistribution inside the device plays an important role when
backward traveling waves are observed. Therefore the interacting rotor-stator system and the wave phe-
nomena in and around the device are examined in more detail. Let us consider the rotor-stator system in
Figure 5-11 where the rotor blade-row is separated from the stator blade-row by the spacing Ax. The steady
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Figure 5-11: Wave system for interacting rotor and stator blade-rows.
mean flow enters the rotor blade-row with no absolute swirl and leaves the stator blade-row with no exit
swirl. In this analysis the following assumptions are made for the blade-rows. (1): the blade passages are
assumed sufficiently short that the flow inside them may be treated as if it were steady. The unsteady pas-
sage inertia effects are explicitly ignored. (2): the blade pitch is assumed infinitesimal so that the vorticity
is distributed. (3): the flow across the blade-rows is treated inviscid (isentropic flow in passages).
As discussed earlier in Section 2.3.1 there are three fundamental modes or types of waves in an incom-
pressible, inviscid two-dimensional flow field. In this Section the two potential modes A and B are referred
as to the upstream and downstream "pressure waves" and the vortical mode C is referred as to the "vortical
wave". All flow quantities are expressed in the form of a Fourier decomposition both in time2 and in 0. For
example the static pressure can be written as
00
6P(x, 6, s) = Z (X, s) .einosr . (5.25)
n=O
2 1n this Section the temporal behavior of the pressure and vorticity waves is separated out according to An(s) = An - e82
etc.
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Using these three fundamental waves the static pressure and vorticity perturbations can be formed as
discussed in Section 2.3 and the n-th harmonic Fourier coefficients yield in general
En(x,s) ( -V, -jo) e"x -A + - -) +±jo  e - Bn (5.26)
(S 2 2 - S Y ~ ")
in(x,ns) =2s-2 -V2+ e7vv2v. Cn. (5.27)
n V J
Note that the pressure perturbation is only composed of the two pressure waves An and Bn (potential solu-
tion) and the vorticity perturbation only contains the vorticity wave Cn. The axial and tangential velocity
perturbations and the total pressure perturbation can also be expressed in terms of these fundamental waves
and consist of an irrotational part (pressure waves) and a rotational part (vorticity wave):
ss 
- VO sj +jn)xPt(x,s) = "An - e- -Bn + VX + -(1--) e v - Cn
n n Vx n
(5.28)
-( sj V+jn-=+)x (5
Vojx,s) = xj e" .A - j e~ Bnn + - + - ev . (5.30)
(nVx Vx
Referring back to Figure 5-11 let us now assume that the upstream flow is irrotational and that some-
where upstream a pressure wave is generated. This pressure wave impinges onto the rotor where some part
of it is reflected and some part passes through the rotor in the form of a transmitted pressure wave. In
addition the impinging pressure wave sets up a circulation change around the rotor blades which leads to
a vorticity wave convected downstream with the steady mean flow. Upon arrival at the stator the vorticity
wave sets up pressure disturbance in the stator blades which is felt upstream as well as downstream.
The goal of the following analysis is to show that for moderate interaction (see Figure 5-7) the pressure
and vorticity waves in this rotor-stator system can interact such that the entire wave system is able to rotate
at a negative natural frequency (backward traveling pre-stall wave with w < 0). It is assumed that the
axial spacing is large enough so that the pressure wave transmitted through the rotor has little influence on
the stator waves. Similarly the pressure wave reflected from the stator is assumed to have little influence
on the upstream rotor waves. Under this assumption the rotor and stator wave systems are only coupled
through the vorticity wave shed from the rotor blade row and the phase relation between the transmitted
rotor pressure wave and the reflected stator pressure wave imposes a matching condition between the two
wave systems.
Rotor Waves
Let the upstream pressure wave impinging on the rotor (B') be known. In a first step the reflected and
transmitted pressure waves (A' and B') are determined. Also the circulation set up around the rotor
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blades and the corresponding shed vorticity wave (CR) are calculated. Under the assumptions made for the
blade rows the boundary conditions (impedances) at the rotor actuator disk location x = 0 are
Vx2 = z 1,n (5.31)
02 = tan0 2 VX1, (5.32)
t2, = Pti. + tan#32 Vxoi . (5.33)
Combining these with the flow field solutions (Equation 5.28 to 5.30) for the upstream region (only A' and
B' are considered) and the inter-blade row region (only Bt and CR are considered) the three equations
yield
Bt + CR = Bi + Ar
-j B + ( +tan a2  CR = tan#2 (B + A)
_j B~t nVx
B + (Vx+tana 2 1i- CR = -- A + B± + tan# 2 (A + B),n Rn ))n R nRR R
where tan a 2 = V9 /V. The three unknown waves are determined in terms of the impinging pressure wave
B' . The vorticity wave CR is
2R(tan 32 + j)CR -- -BR .(tan #2 -)( + tan a2 + j) - (tan 02 + A)(Vx + tan a2 (1- )-)
n nT n n(5.34)
The reflected pressure wave is
23( s-+ tan a2 + j
A = nnv 1 -B(tan #2 - 9)f + tan a2 + j) - (tan 02 + j) (Vx + tan a2 (1- )-) (5.35)
and the transmitted pressure wave is
(--"- + tan a 2 + j
Bt= nTan-1) (5.36)R tan#02 +j
-9 (tan 0 2 + j)
(tan # 2 - ?)(n +tan a 2 + j) - (tan 0 2 + j)(Vx + tan a 2(1 -( ) - )
The above waves are only dependent on the velocity triangles of the rotor blade row and s. To illustrate
the effect of an impinging pressure wave on the vorticity generation or vortex shedding of the rotor blades
the vorticity perturbation at station 2 is reconstructed using Equation (5.27). Assuming purely oscillatory
waves by setting s = -jw the gain and phase relation between P1 and (2 can be easily evaluated for a
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range of frequencies. This is plotted in Figure 5-12 for spatial harmonics n = 1, 2 and 3 using the rotor
velocity triangle in Table 5.1. Note that the vorticity perturbation generated by the impinging pressure
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Figure 5-12: Gain and phase relation between pressure perturbation P1 impinging on rotor and generated vorticity (2.
perturbation shows resonant behavior. For the first spatial harmonic the shed vorticity is enhanced at a
non-dimensional frequency of w = 0.6. A second peak, with an amplitude that is an order of magnitude
smaller, is also visible at a negative frequency of w = -0.3. For the higher harmonics n = 2 and 3 the
resonance peak is shifted to higher positive frequencies and the second peak at negative frequencies is less
pronounced. It is quite remarkable that, from a first principles approach where passage inertia and loss
were explicitly neglected, the resonance frequencies match well with the rotation rates obtained from the
isolated rotor blade-row model (see squares in Figure 5-5).
Stator Waves
The stator impedance or boundary conditions can
the assumptions for an ideal actuator disk
Pt 4
P4,
be formulated similar to the rotor ones and yield under
= vx3 ,
=0
=t3 Ne,.
(5.37)
(5.38)
(5.39)
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Using the flow field solutions (Equation 5.28 to 5.30) the boundary conditions become at x Ax
+jnL-k(A-+jn~o )Ax
e- -Bs + e V V Cs = e' A +e CR
S S C
-e-"s.-Bn + 7 e -Cs = n eO 
n n
+ Vx+ tana 2 1- e- -V, Vx CR-
Let us assume that the incoming vorticity wave CR is known. The above equations are readily solved for
the three unknown waves Cs, Bt and As. The vorticity wave shed from the stator row is
Ex + ana2(1 - Sj) + *
Cs V + tan a 2 - CR. (5.40)
-2 (S + 'tan a 2) +s2 +
The pressure wave transmitted through the stator blade row is
-s Vx +tana 2 (1 n-) + * e(n n 2)AxBs = - -j±tanta2 n ") e v CR, (5.41)S nVx -2 8 + jtan a2 +VxR
and the pressure wave reflected upstream is
s . x +tan af2 (1 - n) - (n+ +jn Ek)szAs- - -jtana 2  -1 ( e v vx. CR.
nVx 
-n -*-+jitan a20 + n+S n ) +V (5.42)
To illustrate the effect of a vorticity wave impinging on a stator row Ax is set to zero. The reflected pressure
perturbation at the stator face P3 can be reconstructed as a function of the incoming vorticity perturbation
3. The gain and phase relations are plotted in Figure 5-13 for spatial harmonics n = 1, 2 and 3 using
the stator geometry given in Table 5.1. In the stator case resonance peaks are observed at low positive
frequencies in the generated pressure perturbation. The resonance frequency w increases with the harmonic
number and matches well with the rotation rate obtained from the isolated stator blade-row model (see
diamonds in Figure 5-5).
Interacting Rotor-Stator Waves
The interaction between the blade rows can now be analyzed. We again assume a pressure wave of known
amplitude impinges on the rotor. The pressure wave creates a vorticity wave that is convected with the
mean flow toward the stator. The vorticity wave CR and the transmitted pressure wave B' are given in
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Equations (5.34) and (5.36) and the corresponding pressure perturbation at the rotor trailing edge P2ran"
can be determined using Equation (5.26). The interaction of the vorticity wave with the stator creates
a pressure wave which interacts with the rotor. Using CR from Equation (5.34) the pressure wave As
is determined from Equation (5.42) yielding jef at the rotor trailing edge. In this approach the rotor
and stator wave systems are directly coupled through the vorticity wave CR. To form one interacting wave
system that oscillates at a single natural frequency w, the transmitted (prafl) and reflected (je I) pressure
wave between the rotor and stator blade rows must line up in phase and match in magnitude. Using the
above solutions it can be shown that for each harmonic and for a certain axial spacing Ax there exists a
natural frequency w for which this occurs. This is shown in Figure 5-14 for the third spatial harmonic n = 3.
For an axial spacing Ax = 0.433 the gain and the phase of the pressure perturbation transmitted through
the rotor (dash) line up with the ones of the pressure perturbation reflected from the stator (solid) at a
negative frequency of w = -0.24. Note that this frequency is also the approximate frequency of the second
resonance peak of the reflected stator pressure perturbation (see top plot). The gain curves also match at a
positive frequency of w = 0.85, however the pressure perturbations are 1400 out of phase and a stable wave
system cannot be sustained.
In this section it has been shown from first principles that backward traveling waves can exist when
the rotor blade row is axially separated from the stator blade row. The shed vorticity, which originates
from the circulation that builds up around the rotor blades when a pressure perturbation impinges, is
enhanced around two distinct frequencies (see Figure 5-12). A strong resonance peak occurs at a positive
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natural frequency and a second, weaker resonance is at a negative natural frequency. Similar observations
are made in a stator row for an impinging vorticity wave. The vorticity shed from the rotor interacts with
the stator and generates pressure waves at the rotor trailing edge and at the stator leading edge. To form
one interacting wave system the rotor and stator pressure waves must match. For a certain axial spacing
between the blade rows the pressure fields match close to the stator wave resonance at negative frequency.
From this analysis further conclusions on the nature of blade-row interaction can be drawn and the possible
physical mechanisms behind the three different interaction regimes identified in Figure 5-7 are elucidated
next.
5.5.2 Physics Underlying the Strong Interaction Regime
For small axial gaps the vorticity wave is not convected far downstream before it hits the stator, leaving little
space and time for the flow to redistribute. Hence for exit swirl angles common in axial compressors the
vorticity wave is only slightly phase-shifted when it arrives at the stator face. The closely coupled rotor and
stator blade rows can therefore be approximated by a lumped semi-actuator disk. The unsteady effect of
the fluid inertia in the rotor and stator blade rows and the impedance of the flow fields in the upstream and
the downstream ducts become the important drivers for the propagation of pre-stall waves. The physical
process for the circumferential propagation of stall cells was suggested by a number of researchers. In the
theory by Cumpsty and Greitzer [13] the fluid inertia in the blade passages are identified to be the key driver
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and the stall cell speed was suggested to set up by matching the inertia-driven unsteady pressure fields.
Emmons et al. [19] analyzed disturbances in an isolated cascade and assumed that there would be no static
pressure perturbation in the exit flow field. The effect of this was to change the inertia of the absolute flow
field and so a different propagation rate was predicted. Moore [55] took a slightly different approach for
solving the flow fields by introducing an approximate relationship between the axial and tangential velocity
perturbations. The effect of this was to slightly modify the propagation rate for the higher modes. Moore
also introduced an impedance scale factor, usually called m, that would allow for the flow to redistribute
to some extent if there was a sudden expansion in duct height.
In summary the pre-stall modes of a closely coupled rotor-stator system travel at a positive natural
frequency as it is observed in practice. The propagation speed is set up by balancing the unsteady pressure
fields of the upstream and downstream ducts together with the unsteady blade row inertia. Because the
unsteady fluid inertia in the rotor passage act in the rotor relative frame and the stator ones act in the
absolute frame the propagation speed must lie between rotor speed and zero. Thus backward traveling
pre-stall waves cannot exist for closely coupled blade rows.
5.5.3 Physics Underlying the Moderate Interaction Regime
When the blade rows are further separated the dynamic behavior of the compression system can change as
shown in Figure 5-7 where two co-existing system modes are observed. For certain axial spacings one of the
two modes has negative rotation rates and travels backward (against the direction of rotor rotation).
The rotor and stator wave systems are coupled through the vorticity wave which originates from the
rotor and is convected downstream, and through the phase matching of the pressure fields in between the
blade-rows. Due to the considerable axial spacing flow redistribution occurs between the blade-rows and
the phase shift of the vorticity wave is large enough for the pressure fields to match close to the stator wave
resonance at negative frequency. The rotor resonance peak at positive frequency is still dominant (usually
stronger than the positive stator resonance) and even if the pressure fields decay to some extent away from
the blade rows, a rotor mode exists and travels at a much higher positive rotation rate. Since one of the
stator wave resonances occurs at a negative frequency and since that is where the pressure fields match,
the backward traveling pre-stall mode is usually dominated by perturbations in the stator and the forward
traveling mode is dominated by perturbations in the rotor.
Coupling Criterion
The axial spacing between rotor and stator has a strong influence on the flow redistribution. Consider that
an n-th harmonic vorticity wave is shed from the rotor. If the wave is rotating at the frequency w, the wave
amplitude is proportional to (see Equation (2.40))
(I (X, t) ~ e " V, V, (5.43)
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where V_ and Vo are the axial and tangential mean velocities in the inter-blade row gap. The second
expression in the exponent is the total phase shift of the wave as it travels downstream. The first term
inside the bracket is the phase shift due to the rotation of the wave and the second term accounts for the
phase shift due to the convection with the swirling mean flow. Assuming that the strongest redistribution
occurs when the vorticity wave at the stator leading edge (at a non-dimensional axial location Ax) is half
a wavelength out of phase relative to the initial vorticity wave at the rotor trailing edge x = 0 (maximum
periodic phase shift), the relative phase shift becomes
+ n_ A (5.44)
(VX VX n
Let us assume that for matched pressure fields the natural frequency of the wave system is negative such
that w < 0. Using the absolute swirl angle a instead of the axial and tangential velocities and Ax = Ai/R,
where As is dimensional, the axial spacing for which this occurs is estimated to be
Af 7r 1
> - (5.45)R n2 tan a
It is important to note the following from this coupling criterion: (1) backward traveling waves stem from
coupling phenomena on the radius scale, (2) small axial inter-blade row gaps yield higher harmonic backward
traveling waves, (3) for high swirl angles in between the blade rows lower harmonic waves are observed that
travel against the direction of rotation, and (4) for an axial gap of zero length no backward traveling waves
can exist.
Referring back to the example analysis in Section 5.4.3 the absolute swirl angle of the flow between
rotor and stator of the generic compressor is 65.7' (see Table 5.1). The interacting rotor-stator eigenvalues
are shown in Figure 5-4 for a non-dimensional axial gap of Ax = 0.3. Applying the coupling criterion in
Equation (5.45) to this axial gap size, harmonic numbers greater than 2 are expected to exhibit backward
traveling waves. This agrees with the simulation results where the 3rd and 4th harmonic pre-stall modes
have negative rotation rates. Considering a 3rd harmonic pre-stall wave as in Figure 5-7 the axial gap
sizes for which backward traveling waves occur can be estimated using the coupling criterion. The result
shows that for Ax > 0.16 the third harmonic rotation rate can be negative, which is in agreement with the
computational results.
In summary two pre-stall modes can co-exist when the blade-row interaction is moderate. One mode
is dominated by perturbations in the stator and can travel backward if the non-dimensional axial gap is
greater than 2 , and the other mode is dominated by perturbations in the rotor and rotates at a much
higher positive frequency. For high swirl angles of the flow between rotor and stator lower harmonic modes
tend to travel backward. Small axial inter-blade row gaps yield higher harmonic backward traveling waves.
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5.5.4 Physics Underlying the Weak Interaction Regime
Finally if the axial spacing is very large the pressure fields decay entirely and the two blade rows are
decoupled from each other. The two system modes correspond to the isolated rotor and isolated stator
solution respectively. In each case the mode frequency aligns with the frequency of the more dominant
resonance peak of the blade-row wave system, which for both rotor and stator is positive. The rotor wave
resonance is at a higher frequency than the stator wave resonance as already discussed in Figures 5-12 and
5-13.
In summary, for all three interaction regimes the unsteady blade-row interaction and coupling is driven
by the resonant behavior of the rotor and the stator wave systems. Each wave system has a resonance at
a positive and at a negative frequency, and it is the axial blade spacing that determines the positive or
negative frequency close to which the interacting rotor-stator system will resonate.
The unsteady blade-row interaction analysis is not limited to axial compressors and axial blade rows.
The next section shows how the unsteady interaction effect carries over to radial machines and discusses
the implications for centrifugal compressors.
5.6 Impeller-Diffuser Interaction Effects on Centrifugal Compres-
sor System Stability: Model II Predictions
Centrifugal compressors consist of an impeller, which turns the flow from the axial direction at the inlet to
the radial direction at the exit, and either a vaned or a vaneless diffuser. Due to the large radius change
from inlet to exit and the high rotational speeds, the absolute swirl angle of the flow leaving the impeller
can be as high as 700 or 803. The radial spacing between impeller and vaned diffuser plays an important
role in the stage matching, and in practice the diffuser leading edge to impeller trailing edge radius ratios
can range from 1.035 to 1.215 (see Rodgers [65]). Even if the radial spacing is only on the order of 10
percent of the impeller exit radius, the flow path in the vaneless space can be large due to the high exit
swirl. This implies together with the coupling criterion in Equation (5.45) that interaction between impeller
and diffuser can have a more pronounced effect on stability than in an axial stage where the swirl angle
and blade-row spacing are smaller. This topic is investigated for the NASA CC3 high-speed centrifugal
compressor using Model II.
5.6.1 NASA CC3 High-Speed Centrifugal Compressor
A detailed description of the centrifugal compression system and the NASA Glenn CE-18 test cell is given
in Chapter 6 and only features important to the modeling are briefly outlined here. The cross section of
the NASA CC3 compressor is depicted in Figure 5-15 showing the flow path through the impeller and the
3 Especially for an impeller where the blades have no backsweep.
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diffuser. The centrifugal compressor is an Allison Engine Company design ([54]) scaled up to a flow size of
4.54 kg/s from the original size of 1.66 kg/s. The impeller and vaned diffuser were designed to produce a
pressure ratio of 4:1 at the design mass flow of 4.54 kg/s. The standard day corrected speed for the design
flow condition is 21,789 rpm with an exit tip speed of 492 m/s.
To Collector
and Valve
Inlet Duct Impeller
Figure 5-15: NASA CC3 high-speed centrifugal compressor.
The impeller contains 15 main blades and 15 splitter blades with a backsweep of 500 at the exit. The
splitter blade leading edge, located at 30% of the main blade chord, is offset slightly toward the main blade
suction surface to provide an even flow split. The inlet tip diameter is 210 mm and the blade height is 64
mm. The exit diameter is 431 mm and the exit blade height is 17 mm.
The vaned diffuser consists of 24 prismatic wedge vanes with the leading edge located at a radius ratio of
1.078 relative to the impeller exit. The vanes have a total divergence angle of 7.8". The diffuser exit radius
is 363 mm and the flow is turned 90" into an annular exit duct and discharged into the plenum (collector).
The flow through the compressor is regulated via the throttle valve downstream of the plenum.
5.6.2 Model II Implementation
The centrifugal compression system is modeled using the component models introduced in Section 2.3.
The transmission matrix for the axial inlet duct from STA 0 to STA 1 (see Equation (2.48)) is linked to
the impeller transmission matrix. The impeller semi-actuator disk model includes the effect of inlet swirl
sensitivity, unsteady loss and changes in area and density (see Equation (2.94)). The vaneless space, defined
from STA 2 to STA 3, is modeled using the transmission matrix for a vaneless diffuser (see Equation (2.116)).
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Similar to the impeller, the diffuser model is a semi-actuator disk with the effects of inlet swirl sensitivity,
unsteady loss and changes in area and density (see Equation (2.113)). The effect of the 900 degree annular
bend is neglected in the model and the axial exit duct transmission matrix (from STA 4 to STA 5) is
coupled directly to the diffuser transmission matrix. The plenum boundary condition with finite length
ducts is applied as introduced in Section 2.3.6. Stacking these component transmission matrices for each
non-zero spatial harmonic the system transmission matrix Xsys,, yields
Xsys,n(s) = Tax,n(X4, s) 1 - Edir,n(S) - Bisd,n(S) - INmp,n(S) - Tax,n(xi, S) , (5.46)
with the inlet and exit boundary conditions
0 1 0
IC= (5.47)
0 0 1
FS -dn - vdn) X S -vdn - dn 1XEC [(-- - V -jV 9 ) e , (+ - VX ± jV ) e- , 0 . (5.48)
The transmission matrices and boundary conditions depend on the mean flow quantities through the ma-
chine. These are obtained from a mean flow calculation using geometry, velocity triangles and performance
data from measurements conducted in the CC3 compressor rig. The mean flow calculation is based on
compressible flow but the flow parameters necessary for the model are assumed incompressible (for example
area-density ratios). Tables (5.2) and (5.3) summarize the flow path and blade geometries. Note that
Table 5.2: NASA CC3 compressor flow path ge- Table 5.3: NASA CC3 impeller and diffuser
ometry, non-dimensionalized by im- blade-row geometry and blade pas-
peller exit radius R2 . sage inertia.
the fluid inertia in the passages are higher than in a single-stage axial compressor due to the long impeller
and diffuser gas paths and the fact that area and density change along a streamline (see Equation (2.85)).
The swirl sensitive impeller and diffuser loss characteristics are constructed from total and static pressure
and temperature measurements obtained from various locations and the velocity triangles from the mean
flow calculation. Since total pressure and temperature could not be measured in the vaneless space, the
impeller exit absolute Mach number was inferred from NASA Glenn's centrifugal compressor off-design
code ([101]). The impeller and diffuser loss characteristics Limp and Ldif are plotted in Figure 5-16. A
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location axial radial area
STA 0 -1.5957 0.7483 4.1276
STA 1 0 0.3533 0.6276
STA 2 0 1.0000 0.4965
STA 3 0 1.0779 0.5330
STA 4 0 1.6838 0.8339
STA 5 0.2211 1.8428 0.8189
Impeller Vaned Diffuser
main blade no. Nm 15 24
splitter blade no. N, 15 -
blade backsweep r 2  -50 -
total divergence angle 6 - 7.80
gas path length s 1.3064 1.1187
passage inertia A 1.1508 0.8518
0.23 - o 0 Experiment 0.26 o Experiment
- 3rd Order Polynomial Fit - 3rd Order Polynomial Fit
z 0.24
E 0.22 -E
Q 0.22
0 0
0 0.21
0.1 - - 0.2
o 0
0.2 - 0.18
E
0.16
0.19 -
0
0.14 -
0.18
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Impeller Inlet Relatvie Flow Angle 11 Diffuser Inlet Flow Angle a3
Figure 5-16: NASA CC3 impeller and diffuser loss characteristics.
third order polynomial (solid lines) is fit to the data points deduced from the experiment (circles). The
proportionality constant T, associated with the loss time lags is set to r, = 1.0 for both impeller and vaned
diffuser. Next, the unsteady interaction effect and the pre-stall behavior in the NASA CC3 centrifugal
compressor is predicted using Model II together with the above geometry and performance.
167
0.24 0.28
5.6.3 Model II Predictions
The system transmission matrix Xsy,, combined with the inlet and exit boundary conditions IC and EC
yield an eigenvalue problem for each spatial harmonic n. The throttle coefficient is set so that the compressor
operates close to stall. First, the eigenvalue problem is solved using the contour plot method (see Section
2.4.1 and Appendix A.5 for more details) to gain an overview of the system poles. Including unsteady loss
effects in the impeller and diffuser semi-actuator disk models yields two additional eigenvalues and a total
of four poles or modes are observed per spatial harmonic. The contour plot method result is shown in
Figure 5-17 as the solid and lightly dashed lines and all first harmonic poles are labeled with number one.
Then the more efficient and accurate shot gun method (see Section 2.4.2 and Appendix A.4 for the Matlab
6 " 6 0 6
0.58
5 -5 0 5-
0.54 - 4 4-~~o 4 0
0.46
3 _ 9 3 042
LL 0.14 0.15 0.16 0.17 0.18
V
S 2 -22
o2
CZ
0
CZ 0 - - - - - --- - - --- - -- - -----
60 34 O O
-1 65 4 5 6
4 1
1 2 3
-2 -
-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5
Growth Rate / Rotor Frequency
Figure 5-17: 1st through 6th harmonic system modes of NASA CC3 centrifugal compressor for an operating point close
to stall. Contour plot method for n = 1 is marked as solid and lightly dashed lines.
code) is used to determine all eigenvalues up to the 6th spatial harmonic. The results are also shown in
Figure 5-17 and the eigenvalues are gathered in four groups. The eigenvalues can be identified using the
analytical expressions for an isolated impeller and an isolated diffuser by taking the radius ratio R 3 to
infinity and by tracking the eigenvalue motion when the radius ratio is again reduced to the design value
of R 3 = 1.078. To help guide the analysis, the energy of each mode is evaluated through the compression
system. Defining an energy function of mode s as 6E,(x, s) = P,(x, s) -Vn(x, s) where in is either the axial
or the radial velocity perturbation, the location of the maximum activity can be used to analyze the origin
of the mode. Figure 5-18 depicts the magnitude of the energy function through the centrifugal compression
system for the first four eigenvalues marked as open diamonds in Figure 5-17. Maximum activity occurs in
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Figure 5-18: Energy function for first through fourth harmonic eigenvalues marked as diamonds in Figure 5-17.
the vaneless space close to the diffuser. The overall analysis yields two groups of modes which are dominated
by perturbations in the impeller (squares) and two groups which are dominated by perturbations in the
diffuser (diamonds). The modes associated with the unsteady loss lags are additionally marked by pluses. It
is important to note the following three results. First, the impeller modes are more stable than the diffuser
modes and the 5th and 6th harmonic diffuser modes are unstable. Second, diffuser modes with a harmonic
number of 3 and higher have negative rotation rates and travel against the direction of impeller rotation.
The same observation is made using the coupling criterion in Equation (5.45). The impeller absolute exit
swirl angle is estimated to be 790 at this operating point and assuming Ax R - R3 = 0.078 as the radial
spacing between diffuser leading edge and impeller exit, the condition for backward traveling harmonics
becomes n > 2.8. Third, the energy function is strongest in the vaneless space.
Next the centrifugal compressor is throttled into stall and all system eigenvalues are again determined.
A closer view of the complex plane around the origin is shown in Figure 5-19 and the two operating points
are marked on the characteristic. The simulation shows that the 4th harmonic diffuser mode goes also
unstable when the compressor is throttled into stall. This fourth harmonic pre-stall wave travels backward
(against the direction of rotor rotation) at a rotation rate of -0.18 times rotor frequency.
In summary the following prediction of the dynamic pre-stall behavior and the unsteady impeller-diffuser
interaction effect can be made for the NASA CC3 high-speed centrifugal compressor:
. Model II predicts stable impeller modes and that diffuser modes with a harmonic number of 4 and
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Figure 5-19: Motion of system modes when compressor is throttled into stall (eigenvalues for the two operating points
shown on characteristic). Impeller modes are marked as squares and diffuser modes are marked as open
diamonds.
higher are unstable near the experimentally determined stall point.
" Using the coupling criterion in Equation (5.45) the unsteady impeller-diffuser interaction occurs in the
moderate interaction regime due to the relatively large diffuser leading edge to impeller exit radius
ratio of 1.078 and the high impeller exit swirl angle of 79'. Model II and the coupling criterion
predict both that pre-stall waves with a harmonic number of 3 and higher travel backward (against
the direction of impeller rotation).
" The impeller modes are predicted to be more stable than the diffuser modes and the vaneless space is
the component with the strongest pre-stall activity.
5.6.4 Model II Based Design of Diffuser Air Injection Nozzles
Under the compressor active stall control thrusts at the NASA Glenn Research Center an experimental
program was initiated to control surge in the NASA CC3 high-speed centrifugal compressor with air injection
actuation. A detailed discussion of the test facility and the surge control experiment is given in Chapter
6. One nozzle configuration used in the experiment, which injects air into the vaneless space, was designed
based on the predictions obtained from Model II and is outlined next.
Two air injection schemes were implemented. One scheme uses an array of actuators upstream of the
impeller which inject air into the impeller tip region. The second scheme consists of actuators placed
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between the impeller and diffuser on the diffuser front wall (shroud) and injecting air into the diffuser.
Taking advantage of the Coanda flow effect (for details see Felsing and Moller [22] and Cornelius and Lucius
[10]) the injectors were designed (Strazisar [85]) such that the flow stays attached to the endwall without
the nozzle body protruding into the compressor flow. A more detailed description of the Coanda injectors
is given in Chapter 6.
Diffuser
~L -~ ---- ~--- 't9Vane
(a)
Z y Vaneless (b)
Space Nozzle Diffuser Vane
Nozzle
Impeller (c)
Exit Radius
Diffuser Passage
Nozzle
-I ---- ---
Figure 5-20: Nozzle configurations for diffuser injection: (a) vaneless space nozzle (Model il based design), (b) diffuser
vane nozzle and (c) diffuser passage nozzle.
For the diffuser actuation scheme two injection nozzle configurations were considered by NASA. It was
suggested by PIV measurements (see Wernet and Bright [97]) that the flow separation in the diffuser passage
plays an important role during compressor surge. Based on this the nozzles were placed just upstream of
the throat, injecting flow into the passage. The injection slot is roughly the width of the diffuser pitch at
the vane throat and has a width to length ratio of about 2. This configuration will be referred as to the
diffuser passage nozzles. A second configuration was chosen with nozzles positioned just upstream of the
diffuser leading edge. The injection slot was the same as for the passage nozzles. This configuration will be
referred as to the diffuser vane nozzles. These two configurations are sketched in Figure 5-20 as nozzles (b)
and (c).
A third nozzle configuration was designed based on the Model II predictions. As stated in the previous
section the strongest pre-stall activity is predicted to occur in the vaneless space, and the least stable system
modes are suggested to be backward traveling diffuser modes. This suggests that, in order to stabilize the
compression system the vaneless space dynamics need to be altered. Hence the nozzles are placed in the
vaneless space. They are positioned as close as possible to the impeller exit and designed to inject air in the
tangential direction as depicted in Figure 5-20. While the nozzle exit area is kept the same, the injection
slot is half as wide as for the passage and vane nozzle configurations (b) and (c). The Model II based
injector nozzle design will be referred as to the vaneless space nozzles.
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5.7 Experimental Validation of Model II Predictions
Experimental results related to the system dynamics are presented here. A detailed description of the
instrumentation and the test facility is given in Chapter 6 and only features relevant to the results are
outlined here.
Unsteady pressure measurements obtained from eight circumferentially distributed high-response pres-
sure transducers (50 psi Kulite sensors) located on the front wall side (shroud) in the vaneless space at a
radius of 1.047 of the impeller exit radius. In addition, 50 psia Kulite sensors are placed at the diffuser vane
throat and at various locations inside the diffuser passage on the shroud side. Nine 15 psia Kulite sensors
are circumferentially distributed in the casing immediately upstream of the impeller. All unsteady Kulite
sensor signals are sampled at a sample rate of 3kHz. Steady-state compressor performance measurements
such as static pressures at various casing, hub (diffuser back wall) and shroud (diffuser front wall) locations,
mass flow, pressure and temperature rise and collector valve position are also recorded.
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Figure 5-21: Unsteady pressure traces in the vaneless space during a stall ramp at 80% corrected design speed, solid
shroud (no injection).
During a stall ramp the compressor is throttled into stall by gradually closing the collector valve.
Various stall ramps were conducted at 80% corrected design speed with no air injection and all ports
plugged. Figure 5-21 shows the unsteady pressure traces of the eight circumferentially distributed Kulite
sensors during a very slow stall ramp. After removing the mean pressure level from the signal, the unfiltered
pressure traces are plotted corresponding to their circumferential position from bottom to top in the direction
of impeller rotation. The time into surge is counted in rotor revolutions. Strong periodic fluctuations with
172
a peak-to-peak magnitude of roughly 5 times the inlet dynamic pressure are visible before surge. Further
analysis reveals that the wave fronts of a 4th harmonic pre-stall wave travel against the direction of impeller
rotation at about -0.24 times rotor frequency. The wave fronts of the four-lobed spatial periodicity are
marked by the dotted lines.
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Figure 5-22: Unsteady pressure traces in the vaneless space during a stall ramp at 100% corrected design speed, solid
shroud (no injection).
Next, similar stall ramps are repeated at 100% corrected design speed. As for 80% corrected design
speed the unsteady pressure traces are plotted in Figure 5-22. The periodic pressure disturbances fluctuate
again at a magnitude of about 5 times the inlet dynamic pressure. Again a 4th harmonic pre-stall wave
is observed that travels backward (against the direction of impeller rotation) at about -0.27 times rotor
frequency.
Model II Data 80% Speed Data 100% Speed
Wave Harmonic 4 4 4
Rotation Rate -0.18 -0.24 -0.27
Table 5.4: Model 11 result compared to experimental measurements at 80% and 100% corrected design speed.
The experimental observations at 80% and 100% corrected design speed compare remarkably well with
the Model II result, where the lowest harmonic mode that is unstable is a 4th harmonic pre-stall wave with
a rotation rate of -0.18 times the rotor frequency. Periodic oscillations of 5th and 6th harmonic waves are
not observed in the experiment. This suggests that for a periodic wave to exist, the circumferential length
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n =4 (o =-0.27 100% Corrected Design Speed
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scale of the flow non-uniformity has to be long enough such that a blade and its neighbors (two pitches)
have similar flow conditions. Hence, for an impeller blade count of 30, circumferential harmonics up to
the 4th are expected to exist in the compression system. The above experimental measurements and the
model results are summarized in Table 5.4. It is important to note that the non-dimensional rotation rate
is independent of impeller speed, or in other words the mode frequency scales with rotor speed. The 4th
harmonic backward traveling pre-stall mode is thus one of the incompressible system modes.
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Figure 5-23: Unsteady pressure signals during a stall ramp at 80% corrected design speed. Pressure traces at impeller
inlet, in the vaneless space, at the diffuser throat and in the diffuser passage at mid chord.
The unsteady pressure traces obtained from the Kulite sensors located upstream of the impeller, in the
vaneless space, at the diffuser throat and in the diffuser passage at mid chord are depicted in Figure 5-23
during the stall ramp at 80% corrected design speed. The same time scale is adopted as in Figure 5-
21. The 4th harmonic pre-stall wave is also seen at the diffuser throat but with much larger amplitude.
However, upstream of the impeller the pressure trace is flat and in the diffuser passage the magnitude
of the pressure perturbation is strongly attenuated. This clearly shows that the 4th harmonic pre-stall
wave is most dominant at the diffuser throat suggesting that this mode is a diffuser mode. This was also
predicted by Model II where the maximum mode activity was observed near the diffuser leading edge (see
Figure 5-18). The ratio of the energy function magnitudes between diffuser leading edge and impeller exit
and the ratio between diffuser leading edge and diffuser exit are 2.8 and 8.3 respectively. The measurements
in Figure 5-23 show similar ratios of the pressure magnitudes at the respective locations. The pressure
magnitude ratios are 2.9 and 5.6.
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Figure 5-24: Diffuser static pressure rise and slope of static pressure rise at 80% corrected design speed for various
injection schemes: no injection (circles), diffuser injection using tangential nozzles (diamonds) and impeller
injection (squares).
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Figure 5-25: Unsteady pressure traces in the vaneless space during stall ramps at 80% corrected design speed with
(a) diffuser injection using tangential nozzles (diamonds in Figure 5-24) and impeller injection (squares in
Figure 5-24).
Stall ramps were also conducted with air injection and the surge control results are presented and
discussed in more detail in Chapter 6. However, one experiment with air injection is presented to further
elucidate the dynamic behavior of the diffuser coupled pre-stall mode. The diffuser static pressure rise
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with no injection (solid impeller casing and solid diffuser shroud) is shown in Figure 5-24 (circles) for 80%
corrected design speed. The stall ramp depicted in Figure 5-21 corresponds to this diffuser characteristic.
Note that the slope is just crossing zero and that the diffuser is about neutrally stable. This is reflected
in the large amplitude pressure perturbation observed before surge in Figure 5-21. To show that this 4th
harmonic backward traveling pre-stall mode is a diffuser mode, the dynamic behavior of the diffuser was
altered by air injection. First, eight vaneless space nozzles are used and the diffuser static pressure rise is
altered to a more negative slope (see diamonds). This results in a higher damped 4th harmonic pre-stall
wave. A stall ramp with diffuser injection at 80% corrected design speed is shown in Figure 5-25 (a). The
magnitude of the 4th harmonic pre-stall pressure perturbation has strongly decreased and the trace of the
wave front is hardly visible. Next, the diffuser injector ports are plugged and the impeller injectors are
installed. The resulting diffuser static pressure rise with impeller injection is shown in Figure 5-24 (squares)
and yields a more positive slope for mass flows below 2.67 kg/s. The dynamic behavior is altered such
that the 4th harmonic pre-stall mode is less damped. Similar to the diffuser injection case the pressure
trace during a stall ramp at 80% corrected design speed is depicted in Figure 5-25 (b). It shows the 4th
harmonic diffuser coupled pre-stall mode traveling backward with a very large amplitude. Note that the
magnitude increases and decreases as the mass flow fluctuates through the machine (0th harmonic surge-like
perturbation) until surge occurs.
In summary the Model II predictions stated in Section 5.6.3 have been experimentally validated. These
results confirm the existence of higher harmonic pre-stall waves that travel in the opposite direction of rotor
rotation. The implications and the impact of this on compressor and turbine turbomachinery are discussed
next.
5.8 Implications of Unsteady Blade-Row Interaction Effects
From the theory and the experimental results presented in this chapter implications are made for centrifugal
compressor design, compression system stability and turbomachinery noise. These implications are outlined
next.
5.8.1 Compressor Design for Enhanced Operational Stability
Centrifugal Compression Systems
The unsteady interaction between impeller and diffuser is an important effect and in design practice engineers
have used empirical methods to account for this ([65]). It has been found for vaned diffusers ([74]) that for
a closer spacing (increasing interaction) the slip and blockage are reduced at the impeller exit and that the
loss is increased. The first two effects are beneficial to pressure rise while the third one was detrimental. It
has been shown that there is an optimal gap size for maximum pressure rise with the mechanism that when
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the diffuser is placed closer to the impeller than optimum, increased loss overcomes the beneficial effects of
reduced slip and blockage.
What is missing from these investigations is the link to compressor stability. It was shown earlier in this
chapter that for a certain gap size the stability of the compression system can be deteriorated. In other
words an optimal gap size for improved performance at design conditions does not necessarily guarantee
acceptable stability off-design. An enhanced design must take this into account. Having established an
understanding for the interaction effects on stability and identified the three different interaction regimes
the following general recommendations are made for a design with enhanced stability:
" The gap size for optimal performance should be chosen such that it falls in the strong interaction
regime. In general a gap size near the bifurcation-like point enhances stability (see Figure 5-7). If
the gap size falls in the moderate interaction regime, the coupling should be increased in order to
reduce the gap size as close to the bifurcation point as possible. The weak interaction regime should
be avoided.
" For a given gap size high impeller exit swirl angles should be avoided to increase the coupling (see
coupling criterion in Equation (5.45)). Hence highly backswept impeller blades are preferred and
generally yield improved dynamic system stability.
" In general a reduced impeller blade count is preferred which increases the blade loading and therefore
also slip. Higher slip yields lower absolute impeller exit swirl and, for a given gap size, increased
coupling.
It is clear that many design considerations have to be made and some of the above recommendations must
be compromised for improved performance and efficiency.
Axial Compression Systems
Axial compressor stages, as they are used in low and high-pressure core compressors, tend to fall under the
strong interaction regime. This is because in common applications the inter-blade row gap between rotor
and stator is small and using the coupling criterion in Equation (5.45) the blade rows are closely coupled.
Therefore a bifurcation-like pre-stall behavior and backward traveling waves are less likely to be observed.
However, moderate interaction is likely to be observed between low and high-pressure compressor modules,
where the spacing between the modules is significant. The unsteady interaction between modules can be
exacerbated when the flow exits the upstream module with swirl and when the gas path to the high-pressure
module is skewed to lower radii and additional secondary flow effects are introduced.
Fan stages are comprised of a fan rotor and stator with a considerable axial spacing in between. Depend-
ing on the engine and the application, the fan inter-blade row gap can be large enough so that the coupling
falls in the moderate interaction regime. Also, in high bypass-ratio engines the gap between the low-pressure
compressor face of the core engine and the fan rotor can be significant. Under these circumstances unsteady
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interaction effects are more pronounced. An example of a fan stage with moderate blade-row interaction
emerged during a personal discussion with Hynes [40]. In a time accurate 2-dimensional Euler code calcu-
lation of a fan stage backward traveling static pressure waves were observed. At that time it was not clear
to the investigators whether this phenomenon was due to algorithmic difficulties or whether it had some
physical meaning. The 3rd harmonic backward traveling static pressure wave in the fan inter-blade row
gap is shown in Figure 5-26. The stagnation pressure (not shown) was observed to convect axially in this
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Figure 5-26: Snapshot from an unsteady 2-dimensional Euler calculation in a commercial fan stage. Rotor blades move
to the left and a 3rd harmonic static pressure wave in the axial gap propagates to the right against the
direction of rotor rotation (courtesy of Hynes [40]).
region ([40]). Thus the slope of the static pressure contours reflect time history. The fan rotor blades move
to the left and the 3rd harmonic static pressure wave propagates to the right (against the direction of rotor
rotation).
5.8.2 Turbomachinery Noise - Aero-Acoustics
The noise generated by turbojet and turbofan engines originates mainly from two noise sources, fan noise
and jet noise. Noise from the fan or compressor is generated by the flow interactions between the rotating
airfoils and stationary objects such as stators and struts. The unsteady fluctuation of pressure due to rotor-
stator interaction is one of these sources. Today the overall sound power level is fairly well understood,
however there seems to be a big gap and a need for a better physical understanding for the rotor noise
sources ([38]).
The presented work suggests a powerful approach to dissect the noise sources in isolated and in interacting
blade rows using the dynamic system modeling point of view combined with numerical aero-acoustics.
First principles based approaches allow for analytical solutions and help to understand the physics of the
phenomena. Although the model presented in this thesis is incompressible, an extension to compressible
flows is possible.
The moderate interaction regime creates a possible noise source which radiates acoustic power at low
frequencies. For example in the NASA CC3 high-speed centrifugal compressor the unsteady pressure fluc-
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tuations near the diffuser throat were measured to yield pressure amplitudes of 5 times the inlet dynamic
pressure at about 100 Hz when the compressor loading was high. This suggests a possible source of noise.
As mentioned earlier, axial compressor stages yield, inherent to their design, much shorter inter blade-row
gaps and are hence closer coupled. However in fan stages or between low and high-pressure core compressor
modules the gap sizes are significant and enable moderate interaction. This suggest another source of noise
emanating from pressure fluctuations in between modules or inside fan stages. An example for pressure
fluctuations in between a fan rotor and a fan stator is shown in Figure 5-26.
5.9 Summary and Conclusions
This Chapter presents analysis and experiments on impeller-diffuser dynamics including a new signature of
pre-stall waves.
For the unsteady blade-row interaction in an axial compression system three regimes of unsteady blade-
row interaction have been identified, namely the strong, moderate and weak interaction regimes. The key
feature of the moderate interaction regime is the bifurcation-like behavior of pre-stall waves. A coupling
criterion has been presented which determines for which axial blade-row spacings and swirl angles backward
traveling pre-stall waves can occur.
The physical mechanism for the blade-row interaction effect on compression system stability is also
investigated. It is found from first principles that the unsteady blade-row interaction and coupling is driven
by the resonant behavior of the rotor and the stator wave systems. The resonant behavior of the blade-rows
stems from the interaction of pressure waves and unsteady vortex shedding. Each blade-row wave system
has a resonance at a positive and a negative frequency, and it is the axial blade spacing, or in other words
the coupling, that determines the positive or negative frequency close to which the interacting rotor-stator
system will resonate. Hence for certain axial spacings backward traveling pre-stall waves can be observed.
The theory is applied to centrifugal compressors and specifically the unsteady behavior of the NASA
CC3 high-speed centrifugal compressor. Model II predicts diffuser modes with a harmonic number of 4 and
higher to be unstable near the the experimentally determined stall point. The impeller-diffuser coupling is
such that pre-stall waves with a harmonic number of 3 and higher travel backward (against the direction of
impeller rotation). The impeller modes are predicted to be more stable than the diffuser modes. An energy
analysis reveals that the vaneless space between impeller and diffuser is the system component with the
strongest pre-stall activity. Based on these predictions air injection nozzles are designed for surge control
experiments in the same compressor at the NASA Glenn Research Center (the results of this experiment
are discussed in Chapter 6). The nozzles, placed in the vaneless space, are positioned close to the impeller
exit and designed to inject air in the tangential direction.
Experiments conducted in the NASA CC3 high-speed centrifugal compressor are compared to the calcu-
lations. The experimental results revealed a 4th harmonic pre-stall mode traveling backward at a rotation
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rate of w = -0.24 with the strongest amplitude near the diffuser throat. The measurements match the
Model II predictions well and confirm the existence of higher harmonic pre-stall waves that travel in the
opposite direction of rotor rotation.
From the theory and the experimental results presented in this chapter implications are derived for
centrifugal compressor design, compression system stability and turbomachinery noise. The implications
suggest guidelines for the design of centrifugal compressors with enhanced stability. The importance of the
effects of unsteady blade-row interaction in fan stages and in between axial compressor modules is elucidated
regarding compressor stability and turbomachinery noise. The presented work suggests a powerful approach
to dissect the noise sources in isolated and in interacting blade rows using the dynamic system modeling
point of view combined with numerical aero-acoustics.
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Chapter 6
High-Speed Centrifugal Compressor
Stability Enhancement Using Diffuser
Air Injection
The previous chapter presented a physical description of the pre-stall wave behavior in centrifugal com-
pressors and the application of the theory to the NASA CC3 high-speed centrifugal compressor. Under
the stall control efforts at the NASA Glenn Research Center a test program in the high-speed centrifugal
compressor test facility was initiated. The objective was to investigate the surge and stall inception behavior
of centrifugal machines and to implement a control strategy with the goal to enhance compressor stability.
The means of actuation for stall and surge control applied in the test program was air injection. In this
chapter surge inception and surge control experiments with diffuser and impeller air injection in the NASA
CC3 high-speed centrifugal compressor are presented. The compressor pre-stall behavior and the effects of
injection are investigated using the theory from Chapter 5.
6.1 Background
Extensive investigations on the pre-stall behavior of axial compressors and the control of rotating stall and
surge have been conducted in the past fifteen years. Centrifugal compressors however have received less
attention. Although exhibiting the same type of instabilities, centrifugal compressors are characterized by a
much broader spectrum of unstable behavior than their axial counterparts. The wide variety of geometries
that have been tested to date have resulted in an equally large variety of instability pathologies ([44], [27],
[19] and [25]). The wide variety of instability behavior, along with the inherently complicated flow in
such a machine, are primary reasons that rotating stall and surge in centrifugal compressors are less well
understood than similar phenomenon in axial compressors.
181
An active control scheme to control rotating stall in a low-speed centrifugal compressor was theoretically
investigated by Lawless and Fleeter [49]. A basic assumption in that analysis was that, in its early stages,
rotating stall is well represented as a weak, linear disturbance, which grows into a finite stall cell. The same
authors investigated the rotating stall acoustic signature experimentally, in the same low-speed centrifugal
compressor (Lawless and Fleeter [50]). In this investigation the rotating stall behavior exhibited a much
more extensive repertoire of excited spatial modes. Similarly the instability pathology of a high-speed
centrifugal compressor was analyzed by researchers of the same institution (see Oakes et al. [59]). The
results showed the presence of two distinct rotating stall patterns prior to and during surge. The existence
of one mode for several hundred revolutions prior to surge initiation suggested an activation parameter for
high-speed control schemes.
Definitive success has been achieved in the suppression of surge in centrifugal compressors of laboratory
turbocharger rigs, as reported by researchers such as Pinsley et al. [61] and Gysling et al. [32]. Surge control
was also demonstrated in working engines by Ffowcs Williams et al. [24] and more recently by Nelson et al.
[57]. Nelson et al. actively controlled surge in an engine centrifugal compressor using diffuser air injection.
Apart from numerical investigations, for example by Stein et al. [82], surge and rotating stall control has
not been reported for high-speed centrifugal compressors. This chapter presents the first system stability
enhancement of a large flow capacity, high pressure ratio transonic centrifugal compressor by controlling
rotating stall with diffuser air injection.
6.2 Research Questions and Objectives
The objective of this work is to extend the stable operating range of the NASA CC3 high-speed centrifugal
compressor using air injection. Two different air injection schemes are studied. In the first scheme, air is
injected into the impeller tip region. The second scheme uses air injectors placed between impeller and
diffuser at the diffuser front wall (shroud). In the latter scheme three injector configurations are explored,
namely the diffuser vane nozzles, the diffuser passage nozzles and the vaneless space nozzles. The vaneless
space nozzles were designed using the Model II predictions in Section 5.6.4. In particular the following
research questions are addressed here:
* What are the effects of impeller and diffuser air injection on centrifugal compressor dynamic stability?
* What benefits in operational stability can be achieved and at what cost?
* What is the mechanism for surge inception in the NASA CC3 high-speed centrifugal compressor?
To answer these questions a series of experiments are conducted in the NASA CE-18 high-speed centrifugal
compressor test facility. A short outline of this chapter is given next.
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6.3 Organization of Chapter
First, the experimental setup and the test facility are described. Then results from experiments with no
injection are presented and the mechanism of surge inception and the pathology of surge are discussed. The
analysis is guided by results obtained from the theory in Chapter 5. Experiments are conducted using the
three different nozzle configurations. For each nozzle configuration the effects on the compressor dynamic
behavior are investigated and the stability enhancement is assessed. The impeller injection scheme is tested
next and compared to the results obtained from the experiments using the diffuser injection scheme. Last,
the viability of diffuser injection in a working engine environment is assessed. The results and conclusions
are summarized and an outlook on future work is presented.
6.4 Experimental Setup and Test Facility
6.4.1 Test Facility Overview
All experiments described in this chapter were conducted at the NASA Glenn Research Center in the CE-18
high-speed centrifugal compressor test facility. Atmospheric air is drawn into the test facility through an
orifice plate and a supply plenum chamber upstream of the test section as shown in Figure 6-1 on the right.
Figure 6-1: NASA Glenn Research Center's CE-18 high-speed centrifugal compressor test facility.
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Figure 6-2: Test section showing air injection supply, impeller casing and diffuser shroud with air injector actuators and
Kulite sensors (top). Cross section of CC3 centrifugal compressor depicting impeller and diffuser injection
schemes (bottom).
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Downstream of the centrifugal compressor stage the flow is collected in a collector and regulated with
a throttle valve. The compressor is driven by a high-power electric drive motor through a gear box. The
compressor mass flow is controlled by adjusting the exit area of the throttle valve. After passing through
the throttle valve, the air is exhausted to the atmosphere. The test section is depicted in Figure 6-2. High
pressure shop air is supplied from a torus to the injectors via supply hoses (right hand side). 8 injectors,
circumferentially distributed, can be mounted either on the diffuser shroud (diffuser injection scheme) or
on the impeller casing (impeller injection scheme) as shown on the bottom of Figure 6-2.
6.4.2 NASA CC3 High-Speed Centrifugal Compressor
The test compressor is a scaled up version of an Allison Engine design with a flow size of 4.54 kg/s at design
conditions. Complete aerodynamic and mechanical design descriptions, including impeller and diffuser
geometries are given by McKain and Holbrook [54]. The stage (impeller with vaned diffuser) was designed
to produce a pressure ratio of 4:1 at the design mass flow. The standard day corrected design speed for the
design flow condition is 21,789 rpm with an exit tip speed of 492 m/s.
The inlet relative Mach numbers on the suction surface range from 0.9 at the tip to 0.45 at the hub.
The impeller contains 15 main blades and 15 splitter blades with 500 of backsweep at the impeller exit.
The splitter blade leading edge is located at 30% of the main blade chord and is slightly off-set toward the
main blade suction surface. Both the main and splitter blades are formed from quasi-normal straight-line
elements between the hub and tip. The inlet tip diameter is 210 mm and the inlet blade height is 64 mm.
The exit diameter is 431 mm and the exit blade height is 17 mm. All dimensions are for hot running
conditions at 100% corrected design speed. The nominal operating impeller exit clearance is 0.406 mm, or
2.4% of the passage height at the exit. The vaned diffuser consists of 24 two-dimensional wedge vanes with
the leading edge located at a radius ratio of 1.078 relative to the impeller exit. The diffuser has an overall
area ratio of 2.75 with a total divergence angle of 7.8'. The diffuser exit radius is 363 mm. A test rig cross
section is shown on the bottom of Figure 6-2.
6.4.3 Air Injection Actuation and Instrumentation
Air injection is used as actuation for surge control. The injection air is controlled by valve actuators designed
by Berndt [6] and developed by Moog Inc. and MIT. The actuators consist of a linear displacement servo
motor which moves a sleeve type valve to modulate the mass flow through the actuator. The injector nozzle
attached to the actuator valve body directs the flow from the valve to the impeller or diffuser. Taking
advantage of the Coanda flow effect (for details see Felsing and Moller [22] and Cornelius and Lucius [10])
the injector nozzles are designed (Strazisar [85]) such that the flow is injected as a sheet that stays attached
to the endwall without the nozzle body protruding into the compressor flow.
Using the injector nozzles designed for this experiment the injection system choked at the nozzle exit
and not in the actuator valve (the diffuser and impeller injectors have a nozzle exit area of 24.1 mm2 and
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49.03 mm 2 respectively, and the nominal actuator valve area is 61.3 mm 2 ), and the valve leaked 35% of
the maximum unchoked mass flow when fully closed. The leakage is large because the injected mass flow
needed for the experiments is relatively small. Due to this leakage and the unchoked actuator valve the
desired effect of flow modulation could not be achieved and active control and forced response experiments
with unsteady injection could not be conducted using the Moog valves.
Impeller Injection Scheme and Impeller Instrumentation
The impeller injection scheme consists of eight injectors placed immediately upstream of the impeller tip
as shown in Figure 6-2. The injectors are circumferentially distributed and are flush mounted with the
impeller casing. The nozzles direct the flow at 150 from the axial against the direction of rotor rotation
into the impeller tip region. The Coanda type nozzles have a nozzle exit area of 49.03 mm 2 and an average
discharge coefficient of 0.645. Unsteady pressure measurements are obtained from nine circumferentially
distributed high-response pressure transducers (15 psi Kulite sensors) in the casing 5 mm upstream of the
impeller. Table 6.1 summarizes the circumferential location of the impeller Kulite sensors and the impeller
injectors shown in Figure 6-3.
No. 1 2 3 4 5 6 7 8 9
injector angle 20' 64.50 112.50 161' 200o 251' 2890 3370 -
sensor angle 50 360 900 145.50 1800 2250 2650 3150 3570
Table 6.1: Circumferential location of impeller injectors and impeller Kulite sensors (angles in direction of rotation).
Diffuser
Shroud
Injection
Nozzle
Impeller
Casing
Figure 6-3: Impeller injection scheme (front view of impeller casing and diffuser shroud).
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In addition, steady state measurements are collected from various static pressure taps which are located
along the impeller casing. Using a high-precision translator system the axial position of the impeller wheel
can be varied relative to the casing so that the impeller tip-clearance can be adjusted. Non-contacting
RotaData tip-clearance probes were used to measure the axial tip-clearance at the impeller exit and the
clearance at the impeller knee.
Diffuser Injection Scheme and Diffuser Instrumentation
The diffuser injection scheme consists of eight injectors circumferentially distributed in between the impeller
and the vaned diffuser as shown in Figures 6-2 and 6-5. Using the same flush mounted injector body (circles
Figure 6-4: Three different diffuser nozzle types: diffuser passage nozzle, diffuser vane nozzle and vaneless space nozzle.
in Figure 6-4) but different positions and shapes of the nozzle exit area, different injector configurations can
be obtained. Three types of nozzle are implemented in the diffuser injection scheme, namely the diffuser
passage nozzles, the diffuser vane nozzles and the vaneless space nozzles. The first nozzle type injects air
into the diffuser passage whereas the second nozzle type is designed so that the air jet bisects the diffuser
leading edge as shown in Figure 6-4. The third type was designed using the Model II predictions in Section
5.6.4 and injects air tangentially into the vaneless space. All three nozzle types have the same nozzle exit
area A with different width to length ratios WLR. These and the discharge coefficients CD, which were
measured at NASA Glenn's Calibration Laboratory, are tabulated in Figure 6-4.
Ten high-response pressure transducers (50 psi Kulite sensors) are circumferentially distributed in the
vaneless space. Also, three Kulite sensors are circumferentially distributed at the diffuser throat and four
inside the diffuser passage at mid chord. In addition one diffuser passage is instrumented with seven Kulite
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Nozzle Type A [mm 2] WLR [-] CD -
Diffuser 24.1 2 0.893
Passage
Diffuser 24.1 2 0.873
Vane
Vaneless 24.1 1 0.869
Space
sensors along the passage centerline. The positions of all 24 diffuser Kulite sensors and the 8 air injectors
are shown in Figure 6-5 and summarized in Table 6.2.
Diffuser Injectors
No. 1 2 3 4 5 6 7 8 -
Angle 60 510 96" 1560 1860 2460 2910 3360 - -
Vaneless Space Sensors (r/R 2 = 1.047)
No. 1 2 3 4 5 6 7 8 9 10
Angle 170 74.60 105.40 1370 1670 197.60 2020 209.70 2570 3170
Diffuser Throat Sensors (r/R 2 = 1.115)
No. 1 2 3 -
Angle 250 1750 221.10 - - - - -
Diffuser Mid-Passage Sensors (r/R 2  1.278)
No. 1 2 3 4 - - -
Angle 42.50 102.50 192.50 247" - -
Diffuser Passage- Centerline Sensors
No. 1 2 3 4 5 6 7 - -
Radius 1.051 1.093 1.166 1.195 1.228 1.266 1.495
Table 6.2: Circumferential and radial location of diffuser injectors and Kulite sensors (angles in direction of rotation).
O Diffuser Passage Kulite Vaneless Space Nozzle
O Diffuser Throat Kulite
* Vaneless Space Kulite \
Figure 6-5: Diffuser injection scheme and Kulite instrumentation (front view of vaned diffuser) shown with 8 vaneless
space nozzles.
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Static pressure taps are located at various radial locations in the vaneless space, around the diffuser
throat region and inside the diffuser passage both on the hub (backwall) and the shroud (frontwall) of one
diffuser passage.
6.4.4 Data Acquisition
The data acquisition and control computer used for the experiments is a 500 MHz Pentium III PC with 128
Mbytes of RAM. Digital to analog conversion of the inputs is performed with a 12-bit Analogic HSDAS-12
A/D board and DASMUX-64 multiplexer. Up to 64 input channels can be measured with this system. A
high throughput Datel PC-422 D/A board is used for the outputs. This board provides up to 16 channels
of simultaneous analog outputs with 12-bit resolution. Both input and output ranges are set to ±10 V. The
sample rate used for all experiments is 3 kHz. The data acquisition and control software is written in C
and optimized for speed with a Watcom C/C++ compiler. The software is based on previously developed
routines ([34], [90], [95]).
PPM Model SG11-D signal conditioners and Preston amplifiers are used to signal condition and to
filter the Kulite signals. The filter gains are set to 1 and the low-pass filter frequencies are set to 1 kHz.
The actuator motor (Moog) position is monitored using eddy current position sensors. The motor position
signals are passed through Preston amplifiers using a gain of 10 and a low-pass cut-off frequency of 1 kHz.
The inputs to the data acquisition and control computer are the high-response pressure transducer
measurements (conditioned and filtered Kulite signals), the filtered position sensor signals from the actuator
motors (Moogs). The outputs of the control computer are 8 independently commanded mass flow injection
rates. However, as mentioned earlier, the desired effect of flow modulation could not be achieved and
active control and forced response experiments with unsteady injection could not be conducted due to the
relatively large flow leakage of the actuators.
6.5 Mechanism of Surge Inception in the NASA CC3 High-Speed
Centrifugal Compressor
This section presents the path into instability and analyzes the mechanism of surge inception in the CC3
high-speed centrifugal compressor. Experiments were conducted at 80% and 100% corrected design speed
without air injection. Results obtained at 80% corrected design speed are presented first.
6.5.1 Unsteady Compressor Pre-Stall Behavior at 80% Speed
Unsteady pressure measurements at the inlet of the impeller, in the vaneless space and at various locations
in the diffuser were collected during stall ramps. During a stall ramp the compressor is throttled into surge
by gradually closing the collector valve.
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Kulite Signals at Impeller Inlet
80% Corrected Design Speed
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Figure 6-6: Impeller inlet Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd, 3rd and
4th spatial harmonic pressure perturbations during a stall ramp at 80% corrected design speed.
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The top plot on the left of Figure 6-6 depicts unsteady pressure traces obtained from the Kulite sensors
located at impeller inlet' during a very slow stall ramp. Time is in rotor revolutions and the pressure is
non-dimensionalized by the steady inlet dynamic pressure. The time index equal to zero is assigned to
the point when the system transitions into fully developed surge. Modal waves of very small amplitude are
observed prior to surge. To further analyze this pre-stall activity the Kulite pressure signals are decomposed
into the first five spatial Fourier harmonics (see Equation (2.10)). For each harmonic the evolution of the
power spectrum is then computed. The spectrum that is plotted is the difference between the positive
and the negative frequency power spectra of the complex spatial Fourier coefficient. Peaks and valleys are
therefore indicative of forward (in the direction of impeller rotation) and backward (against the direction
of impeller rotation) traveling waves as described by Tryfonidis et al. [89].
The power spectra of the Oth, 1st, 2nd, 3rd and 4th spatial harmonics are also plotted in Figure 6-6. The
strongest traveling energy is observed in the 4th harmonic at a frequency of 0.24 times rotor frequency. The
negative power is indicating that this wave or pre-stall mode rotates against the direction of rotor rotation.
Traveling energy at this frequency and at frequencies of 0.45, 0.7 and 1.0 times rotor frequency are also
observed in the other harmonics. It is important to note the following two results. First, the traveling
energy traces of the different harmonics have common frequencies which leads to the conjecture that non-
linear coupling effects between the spatial harmonic waves are at play. Second, from the analytical results
in Section 5.7 the 4th harmonic backward traveling energy visible upstream of the impeller is suggested to
originate from the diffuser. To elucidate this situation the pressure signals obtained from the Kulite sensors
in the vaneless space and at the diffuser throat are analyzed next.
1Impeller inlet Kulite no. 8 was faulty during this measurement and is not shown.
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Kulite Signals in the Vaneless Space
80% Corrected Design Speed
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Figure 6-7: Vaneless space Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd, 3rd and
4th spatial harmonic pressure perturbations during a stall ramp at 80% corrected design speed.
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The unsteady pressure measurements obtained from the Kulite sensors placed in the vaneless space at
the diffuser shroud are processed the same way as the impeller inlet ones and are shown2 in Figure 6-7 at
the top on the left-hand side. Pre-stall waves are observed with an amplitude on the order of 5 times the
inlet dynamic pressure. At about 30 rotor revolutions prior to fully developed surge the periodic pattern
breaks down. As for the impeller inlet sensors, the power spectra of the Oth, 1st, 2nd, 3rd and 4th spatial
harmonics are computed and plotted in Figure 6-7. The results clearly show a 4th harmonic pressure wave
at a non-dimensional frequency of 0.24 which travels backwards against the direction of impeller rotation.
This pre-stall wave exhibits a three orders of magnitude greater spectral power than the impeller inlet
pressure traces (see Figure 6-6). The 4th harmonic mode grows gradually in amplitude until immediately
before surge occurs. This is in agreement with the Model II predictions discussed in Section 5.6.3. Similar
to the impeller inlet Kulite signals, traveling energy is observed at non-dimensional frequencies of 0.45, 0.7
and 1.03.
The theory in Section 5.6.3 predicted the strongest pre-stall activity near the diffuser throat. The
unsteady pressure measurements collected from the 3 Kulite sensors located at diffuser throat are presented
next. Figure 6-8 depicts the unsteady pressure measurements at the diffuser throat. Note that the same
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Figure 6-8: Diffuser throat Kulites: unsteady pressures traces and corresponding spectrograms of 0th spatial harmonic
pressure perturbations during a stall ramp at 80% corrected design speed.
4th harmonic backward traveling pre-stall wave exhibits an amplitude of about 10 times the inlet dynamic
pressure. At about 30 revolutions prior to instability the 4th harmonic wave pattern becomes distorted.
The periodic oscillations eventually break down and the system transitions into surge. A significant amount
of traveling energy is also observed in the 0th harmonic power spectrum at the same frequency of 0.24 times
rotor frequency. This also suggests that coupling between the surge-like 0th harmonic oscillations and the
2 For clarity the two closely spaced Kulite signals no. 6 and 7 are not shown.
3 The pressure traces at rotor frequency are not visible on this scale.
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4th harmonic backward traveling pre-stall wave is present (as computed from the 3 Kulite signals shown in
Figure 6-8).
In summary the unsteady pressure perturbations throughout the centrifugal compression system reveal
a dominant 4th harmonic pre-stall wave that travels at a frequency of 0.24 times rotor frequency against
the direction of impeller rotation. This mode exhibits the strongest oscillations near the diffuser throat
and originates from the unsteady interaction between impeller and diffuser as discussed in detail in Section
5.6.3. The spectral analysis of the first five spatial harmonic Fourier coefficients reveals that the mode
shape of this fundamental mode is not purely sinusoidal but has contributions of other harmonics. In other
words non-linear coupling effects between harmonics are at play. Coupling effects usually occur when the
steady flow field through the machine is circumferentially non-uniform as it is for example in the case of
circumferential inlet distortion ([91], [81]). A possible explanation for the coupling effect is that the pre-
stall waves are of large amplitude (about 10 times the inlet dynamic
compressor map non-linearities.
pressure) so that they perceive the
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Figure 6-9: Harmonic content of traveling energy of the first four pre-stall modes at impeller inlet,
diffuser throat at 80% corrected design speed.
vaneless space and
Besides the fundamental mode that is strongest in the 4th harmonic, three other modes emerge form
the power spectra. Their relative harmonic contents are summarized in Figure 6-9 to analyze the non-linear
coupling effects. For each mode the harmonic content of the traveling energy is non-dimensionalized by
the maximum value in the mode and plotted for the different locations through the machine4 . Note that
4 For each discrete mode frequency the magnitude of the traveling wave energy is analyzed at the same frequency in the
different harmonics and then non-dimensionalized by the maximum value over the harmonics. Some modes are not visible in
Figures 6-6 and 6-7 due to the scales used in the plots.
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for the first three modes the scale at the impeller inlet is three orders of magnitude smaller than at the
diffuser and at the throat. The results suggest that coupling occurs between harmonics for all modes and
it is important to note that higher harmonics are often more dominant. To show that the mode traveling
against the direction of impeller rotation is an incompressible mode and that the other modes are of acoustic
type, measurements obtained from stall ramps at 100% corrected design speed are presented next.
6.5.2 Unsteady Compressor Pre-Stall Behavior at 100% Speed
The centrifugal compressor was operated at 100% corrected design speed and unsteady pressure measure-
ments were collected during very slow throttle ramps into surge. Figures 6-10, 6-11 and 6-12 depict the
Kulite sensor signals at the impeller inlet, in the vaneless space and at the diffuser throat during this event.
The pressures are again non-dimensionalized by the inlet dynamic pressure and decomposed into the first
five spatial Fourier coefficients. The corresponding power spectra are plotted in the same manner as for the
data at 80% corrected design speed.
Traveling energy traces emerge again at a set of discrete frequencies. Similar to the data at 80% corrected
design speed, a dominant 4th harmonic pre-stall wave is observed that travels against the direction of
impeller rotation at a non-dimensional frequency of 0.27. This rotational frequency is about the same as for
80% corrected speed which implies that this mode is a fundamental, incompressible system mode. Traveling
energy is also visible at non-dimensional frequencies of 0.55, 0.8 and 1.2. Comparing the frequencies of
0.55 and 0.8 to the ones observed at 80% corrected design speed of 0.7 and 1.0 it can be seen that the
mode frequencies do not scale with rotor frequency. Specifically the ratio between the mode frequency of
0.55 at 100% corrected design speed and the frequency of 0.7 at 80% corrected design speed is exactly
inversely proportional to the ratio of the corrected speeds (the dimensional mode frequency is constant and
independent of rotor speed). The same is observed for the mode frequency of 0.8 at 100% corrected design
speed and the mode frequency of 1.0 at 80% corrected design speed. This leads to the conjecture that,
since the mode frequency is independent of rotor frequency, these higher order modes are of acoustic type
similar to the ones observed in axial compressors ([89], [95], [80]). To verify this hypothesis forced response
experiments need to be conducted to identify all compression system modes, and it has to be shown that
the acoustic modes represent the same mode shape at different speeds.
The 1st harmonic spectrum of the impeller inlet Kulites (Figure 6-10) also exhibits a persistent amount
of positive traveling energy at rotor frequency which is due to rotor noise (1 per rev excitation). Comparing
this plot to the one at 80% corrected design speed (see Figure 6-6) it can be seen that one of the acoustic
modes aligns with the rotor frequency at 80% corrected design speed. Due to the rotor noise forcing energy is
fed into this mode and the trace in the power spectrum has a larger amplitude. A more detailed explanation
of this effect is given in Spakovszky et al. [80].
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Kulite Signals at Impeller Inlet
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Figure 6-10: Impeller inlet Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd, 3rd and
4th spatial harmonic pressure perturbations during a stall ramp at 100% corrected design speed.
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Figure 6-11: Vaneless space Kulites: unsteady pressures traces and corresponding spectrograms of Oth, 1st, 2nd, 3rd and
4th spatial harmonic pressure perturbations during a stall ramp at 100% corrected design speed.
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pressure perturbations during a stall ramp at 100% corrected design speed.
Non-linear coupling between the different harmonics occurs in a similar manner as seen at 80% corrected
design speed. The incompressible mode traveling backward at 0.27 times rotor frequency shows the strongest
activity near the diffuser throat and is visible in all other harmonics.
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Figure 6-13: Harmonic content of traveling energy of the first four pre-stall modes at impeller inlet, vaneless space and
diffuser throat at 100% corrected design speed.
In other words its mode shape is not purely a four lobed sinusoid but has contributions from other
harmonics. To elucidate this coupling the harmonic content of the traveling energy of the first four pre-stall
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modes is plotted in Figure 6-13 at the impeller inlet, in the vaneless space and at the diffuser throat the
same way as in Figure 6-9. As observed at 80% corrected design speed, higher harmonics are more dominant
and at the diffuser throat the first two modes are also pronounced in the 0th harmonic. Figures 6-9 and
6-13 also show the stream-wise structure of the modes. The first mode has a similar harmonic content at
the impeller inlet as in the vaneless space, which reflects incompressible-like behavior. The higher order
modes show quite a variation in harmonic content at the different locations. This stream-wise structure is
typical for acoustic-like pre-stall modes.
6.5.3 Mechanism of Surge Inception
Similar to a category of axial compressors ([8]) modal pre-stall waves are observed in the NASA CC3 high-
speed centrifugal compressor. For this machine the incompressible system mode is strongest in the 4th
spatial harmonic and rotates at about a quarter of rotor speed against the direction of rotation. Multiple
acoustic-like modes are also present due to the compressible flow regime of the centrifugal machine. The
incompressible system mode is most pronounced near the diffuser throat and originates from the unsteady
interaction between the impeller and the diffuser (see Section 5.6.3). The pre-stall waves in the vaneless space
are of large amplitude (about 10 times the inlet dynamic pressure) so that non-linearities of the compressor
characteristic are perceived and coupling between the spatial harmonics is introduced. Relatively strong
coupling is observed between the 0th and the 4th spatial harmonic. This means that the mode shape of the
incompressible mode is not a purely four-lobed sinusoid but has also a 0th harmonic or surge-like content.
Along the path into instability the incompressible 4th harmonic mode or pre-stall wave grows gradually
and coupling between the harmonics occurs due to the large amplitude oscillations. Figure 6-14 shows the
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Figure 6-14: Pressure traces at impeller inlet, in the vaneless space, at the diffuser throat and in the diffuser passage
along the path into instability at 80% corrected design speed (left) and at 100% corrected design speed
(right).
pressure traces at the impeller inlet, in the vaneless space, at the diffuser throat and inside the diffuser
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passage during surge inception for 80% corrected design speed (left) and for 100% corrected design speed
(right). Strongest pre-stall activity is observed near the diffuser throat as predicted by Model II in Section
5.6.3. In addition to the large amplitude 4th harmonic backward traveling waves a low frequency oscillation
is superimposed and a few rotor revolutions prior to surge the periodic fluctuations distort abruptly. The
flow starts to break down near the diffuser throat, where the steepest pressure drop is observed (see circles
in Figure 6-14). Instants later the pressure starts to rise at the impeller inlet and drops inside the diffuser
passage. The surge cycle is initiated.
6.5.4 Pathology of Surge
The B-parameter, defined as B = A L ([31]), is a surge stability parameter and determines if the
system will go into rotating stall or surge. The B-parameter can be rewritten as
Sp U2 AcB = ~p 2  A . (6.1)pWH U Le Ac
The numerator is proportional to the magnitude of the pressure difference across the compressor duct (i.e.
the difference between plenum pressure and the atmospheric pressure upstream of the compressor) and
represents the driving pressure force for the acceleration of the fluid in the duct. Assuming sinusoidal
oscillations and that the axial velocity fluctuation is a specified fraction of the mean axial velocity, the order
of magnitude of the inertial forces is given by p wH U Le Ac, where WH is the Helmholtz frequency of the
system and defined as wH = L Va In other words the B-parameter is the ratio of two forces, pressure
and inertial. If the B-parameter of the compression system is very large, the inertial forces are much smaller
than the driving force due to the pressure differential and deep surge will occur. On the other hand if the
B-parameter of the system is small, the inertial forces are dominant and overcome the pressure differential
force. In this case the compressor will exhibit rotating stall.
The B-parameter for the NASA CC3 centrifugal compression system is estimated to be 1.47. In this case
the magnitude of the inertial forces and the pressure differential forces are on the same order of magnitude,
so that during the surge cycle the machine passes in and out of rotating stall. This is often referred to as
"classic surge". Figure 6-15 shows the Kulite signals in the vaneless space during this classic surge cycle.
The flow breaks down at a non-dimensional time of 0 rotor revolutions and the compression systems surges.
Passing out of surge after about 20 rotor revolutions the compressor operating point climbs up along the
steady-state characteristic and at about 60 rotor revolutions stall pre-cursors start to form. The pre-cursor,
which is the incompressible mode with strong 4th harmonic content, starts to rotate against the direction
of rotation at a frequency of -0.24 times rotor frequency and grows gradually in amplitude forming 4-cell
backward-rotating stall. Roughly 30 rotor revolutions later the amplitude is so large that the flow through
the compression system breaks down again and the surge cycle repeats. Note that the second surge cycle is
initiated by a smooth growth of the incompressible mode. This is because during surge the variation in
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Figure 6-15: "Classic surge": pressure traces in the vaneless space at 80% corrected design speed.
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Figure 6-16: Pressure traces at impeller inlet, in the vaneless space, at the diffuser throat and in the diffuser passage
during a surge cycle at 80% corrected design speed (left) and closer view of phases A, B and C (right).
mass flow through the compressor is smoother than when the compressor is throttled into instability by
closing the throttle valve.
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The classic surge cycle is analyzed next in more detail. Kulite measurements from all pressure sensors
were obtained during a surge cycle. Figure 6-16 depicts pressure traces at the impeller inlet, in the vaneless
space, at the diffuser throat and in the diffuser passage for 80% corrected design speed (left). Four different
phases are identified during the classic surge cycle and are labeled A, B, C and D. A closer view of phases
A, B and C is plotted on the right in Figure 6-16.
(A) Flow breakdown and rapid flow reversal: the surge cycle starts with the flow breaking down
near the diffuser throat. The diffuser pressure drops rapidly and rises again as the flow comes to a stop
near the throat. The flow into the impeller stagnates and the pressure upstream of the impeller increases.
The diffuser passage acts now like nozzle and the flow starts to accelerate from the plenum in the reverse
direction. This is evidenced by expansion waves inside the diffuser passage visible as oscillations in the
pressure traces.
(B) Compressor blowdown: the flow is now fully reversed (this was also measured by Wernet and
Bright [97] in the diffuser of the same compressor using digital PIV) and a blowdown process begins where
the compressor acts like a throttling device with very high loss for the reverse flowing air. The pressure
gradually drops throughout the machine.
(C) Flow recovery: once the plenum is at a low pressure the impeller delivers enough pressure rise
to unstall the diffuser and the flow recovers from reversing. Due to high pressure at the impeller exit and
the low plenum pressure the diffuser acts like a convergent-divergent nozzle. The flow starts to accelerate
and a shock forms upstream of the diffuser leading edge "starting" the diffuser. The shock moves past the
diffuser throat which is visible in the throat and vaneless space Kulite traces (the sharp pressure drop in the
trace at about 12 rotor revolutions into the cycle is the footprint of the shock passing by the Kulite sensor).
From this pressure drop the Mach number upstream of the shock is estimated to be 1.3 and is in agreement
with the PIV measurements by Wernet and Bright [97]. The shock then stops at a stable position inside
the diffuser passage (diverging duct) which is set by the momentary backpressure of the plenum.
(D) Plenum repressurization: a slow repressurization of the plenum begins during which the com-
pression system operating point essentially climbs up the steady-state characteristic. Note that the impeller
pressure rise is about constant during this phase. Due to the increasing back pressure of the plenum the
shock moves back towards the throat and eventually disappears. This is visible in the jump of the throat
Kulite trace at about 20 rotor revolutions into the cycle (note that the shock is weaker than before due to
the higher backpressure and the upstream Mach number is now estimated to be 1.13). Once the operating
point is near the peak pressure rise modal waves start to form and develop into 4-cell backward-rotating
stall which initiates surge. The classic surge cycle of an approximate length of 95 rotor revolutions starts
over again.
Similar classic surge exhibiting the same phases is observed at a 100% corrected design speed and is
therefore not shown. Next, the steady-state compressor performance is presented.
202
6.6 Baseline Steady-State Compressor Performance
To determine the baseline compressor performance and to connect the steady-state behavior with the
dynamics of the compression system, steady-state measurements of compressor mass flow, total and static
pressure and total temperature at various compressor locations were collected for a set of operating points
at 80% and 100% corrected design speed without any air injection. The compressor total pressure ratio
is constructed from the measured total inlet pressure upstream of the impeller and the diffuser exit total
pressure. The compressor map with speed lines at 80% and 100% corrected design speed are plotted in
Figure 6-17. The machine was designed to produce a total pressure ratio of 4:1 at the design mass flow
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Figure 6-17: NASA CC3 centrifugal compressor map with speed lines at 80% and 100% corrected
impeller total-to-static pressure ratio characteristics at the same speeds.
design speed and
of 4.54 kg/s. The design point and the working line are marked by the full circle and the dashed line
respectively. The surge line is plotted as the solid line. Using Cumpsty's definition ([12]) for surge-margin
SM = (1 - lrwork 7.rsurge x 100%,
\ surge mwork /
(6.2)
the surge-margins at 80% and 100% corrected design speed are 15% and 10% respectively. In addition
the impeller total-to-static pressure ratio5 is plotted for the two speeds in Figure 6-17. The impeller is a
stabilizing element since the total-to-static characteristics are negatively sloped over the entire flow range
of the compression system.
5 For high-speed machines the slope of the total-to-static pressure ratio is analogous to the slope of the total-to-static
pressure rise coefficient, which is a relevant parameter for stability in low-speed machines ([95]).
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6.6.1 Vaned Diffuser Performance
Using the measurements from static pressure taps at the diffuser hub (backwall) and the diffuser shroud
(frontwall), the vaned diffuser performance is analyzed. The static pressures at the impeller exit and at the
diffuser vane leading edge (marked as locations '1' and '2' in Figures 6-18 a) and b)), at the diffuser throat
(location '3') and at the exit of the diffuser passage (location '4') are constructed from the average of an
array of hub static taps and an array of shroud static taps at the respective locations of the instrumented
passage. For the two speeds the overall diffuser static pressure rise
AP4-1 = P (6.3)
p, U1
where U1 and p1 are the wheel speed and the density at the impeller exit, is plotted in Figures 6-18 a)
and b). Diffuser neutral stability is reached at corrected mass flows of 2.69 kg/s at part speed and at 4.25
kg/s at design speed where the slope of the static pressure rise characteristic is about zero6 . At these mass
flows the slopes of the impeller total-to-static pressure rise characteristics are still negative (see lower plot in
Figure 6-17) and therefore the impeller has a stabilizing effect on the system. This means that the diffuser
is the least stable component of the compression system which is in agreement with the unsteady results
presented in Section 6.5.
To dissect the overall diffuser performance the diffuser is divided into its sub-components namely, the
vaneless space (from impeller exit '1' to diffuser vane leading edge '2'), the semi-vaneless space (the entry
region from diffuser leading edge '2' to diffuser throat '3') and the diffuser passage (from diffuser throat '3'
to diffuser exit '4'). The static pressure rise of the corresponding sub-components is additionally plotted in
Figures 6-18 a) and b). The performance at 80% corrected design speed is similar to that at 100% corrected
design speed. The vaneless space generates relatively little pressure rise and increases only slightly when
the mass flow is reduced. The static pressure rise coefficient in the semi-vaneless space grows monotonically
with decreasing diffuser mass flow. Using the velocity triangles a decrease in diffuser mass flow, and hence
radial velocity, yields an increase in diffuser inlet flow angle. For a low inlet flow angle (high mass flow),
the geometric inlet area is large (shown as Ahigh in Figure 6-19) and the semi-vaneless space acts like a
nozzle. The flow is accelerated into the throat and the static pressure rise coefficient is negative for high
corrected mass flows (see Figures 6-18 a) and b)). For low mass flows the diffuser inlet flow angle is high
and the geometric inlet area is small (A,,, in Figure 6-19). A high level of diffusion occurs between inlet
and throat and the static pressure rise coefficient increases. Note that at low mass flows the slope of the
static pressure rise flattens out and is almost zero.
6 There is a measurement uncertainty associated with the steady-state operating points near instability because the steady-
state data acquisition system (NASA's ESCORT system) samples at 1 Hz and the compression system exhibits a low frequency
variation in mass flow and pressure rise near surge (see Figure 6-14). Error bars are added to the operating points near surge
in Figures 6-18 a) and b).
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Figure 6-18: Overall diffuser performance at a) 80% corrected design speed, and b) 100% corrected design speed and
static pressure rise of its sub-components such as vaneless space, semi-vaneless space and diffuser passage.
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As the diffusion increases in the semi-vaneless region, the wall boundary layers thicken due to the in-
creasingly adverse pressure gradient. This causes higher levels of blockage at the diffuser throat. Extensive
investigations on 2-dimensional conical and rectangular diffusers (for example Reneau et al. [64] and Run-
stadler et al. [66]) have shown that increased inlet blockage significantly degrades 2-dimensional diffuser
pressure recovery. Applying this to the radial vaned diffuser, high boundary layer blockage forces the diffuser
passage pressure rise to decrease as seen in Figures 6-18 a) and b). As a consequence the diffuser channel is
dynamically unstable over most of the mass flow range as seen form the positive slope of the static pressure
rise coefficient.
Figure 6-19: Area ratio effect in the semi-vaneless space.
Although the overall diffuser static pressure rise AP 1 4 increases when the compressor mass flow is
reduced, some part of the diffuser passage pressure rise must be sacrificed for the semi-vaneless static
pressure rise. As stated by Japikse [45] good performance cannot co-exist in both the semi-vaneless region
and the diffuser passage. Since the impeller has a stabilizing effect and the diffuser passage is unstable over
most of the flow range, the semi-vaneless space is the subcomponent that determines dynamic stability of
the compression system. Similar results were obtained by Hunziker and Gyarmathy [39]. The steady state
results agree with the unsteady measurements from Section 6.5 where it was shown that the most pre-stall
activity occurs near the diffuser throat and that all impeller modes are stable (see Figures 6-14, 6-6 and
6-10).
Next, all actuators were mounted in the vaneless space between the impeller and the diffuser and the 3
different diffuser nozzle types were tested. Results from steady air injection experiments with the vaneless
space nozzles are presented first.
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6.7 Steady Air Injection Results With Vaneless Space Nozzles
To find the optimal level of air injection, a series of stall ramps was conducted at 80% and 100% corrected
design speed with different amounts of injected mass flow. The injection level was varied up to the mass flow
where the nozzles choked by adjusting the supply pressure with a valve. One of the nozzles was instrumented
with a static pressure tap near the nozzle throat and a total pressure tap inside the injector. The choke
point was determined from these pressure measurements. To distinguish between the momentum effect and
the additional effect of increased nozzle exit pressure when the nozzle is choked, the injected mass flow was
adjusted such that the nozzles were always unchoked.
The injectors were supplied with external air from the test facility. Due to the high total temperature
ratio of the centrifugal compressor of 1.39 at 80% corrected design speed and of 1.6 at 100% corrected design
speed for operating points close to surge, the relatively cold injection air had a cooling effect on the impeller
wheel (as shown in Figure 6-5 the injector nozzles are placed close to the impeller exit). The temperature
difference between the compressor flow in the vaneless space and the injected air was estimated to be about
400 K at design speed. The RotaData tip-clearance measurements revealed that the axial impeller exit
clearance increased significantly with injector mass flow (the impeller axial blade height shrunk due to the
cooling from the injected air). This had a strong impact on the compressor performance. Therefore to
maintain the hot running clearance condition, the impeller exit clearance was adjusted to the design value
of 2.4% of passage height for each level of injection.
The injected mass flow was measured separately from the compressor mass flow. The total and static
pressure measurements from the instrumented nozzle were used together with the individual nozzle discharge
coefficients to determine the total injected mass flow. Both the compressor mass flow, measured upstream
using an orifice plate, and the injector mass flow were then standard day corrected to the compressor inlet.
The sum of the upstream mass flow and the injected mass flow was used to plot the speed lines shown in
Figure 6-20.
Stall ramp experiments were conducted with different levels of injection both at 80% and at 100%
corrected design speed. From this parametric study the optimum injection mass flow for the maximum
increase in surge-margin was determined to be 0.46% of the compressor design mass flow at part speed and
0.51% of compressor design mass flow at design speed.
Figure 6-20 depicts the compressor map with steady injection in the vaneless space (diamonds) and
without injection (circles). The design point and the working line are again plotted as the shaded circle
and the dashed line. The surge line with no injection and with a total injection mass flow of 0.5% of the
compressor design mass flow are marked as the dotted line and the solid line respectively. At 80% corrected
design speed the surge-margin is increased by 23%. An increase in surge-margin of 27% is obtained at
100% corrected design speed. The effect of steady injection in the vaneless space on the overall diffuser
performance is shown in Figures 6-21 a) and b) for part and design speed respectively. The static pressure
rise of the diffuser sub-components is also plotted. Steady air injection affects the static pressure rise in the
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Figure 6-20: Speed lines at 80% and 100% corrected design speed with vaneless space injectors (diamonds) and no
injectors (circles). A total steady injector mass flow of 0.5% of the compressor design mass flow yields and
increase in surge-margin of 23% at part speed and 27% at design speed respectively.
vaneless space and semi-vaneless space. At 80% corrected design speed the slope of the semi-vaneless space
characteristic is negative and the pressure rise in the vaneless space is about constant when the mass flow
is reduced below the nominal surge point. Similar effects are observed at 100% corrected design speed. The
vaneless space is more influenced by air injection and for low mass flows the slope is more negative than
without air injection. As a consequence of the higher static pressure rise in the entry region (the vaneless
space and the semi-vaneless space) the diffuser passage pressure rise decreases further.
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Figure 6-21: Vaneless space injectors: overall diffuser performance at a) 80% corrected design speed, and b) 100%
corrected design speed and static pressure rise of its sub-components such as vaneless space, semi-vaneless
space and diffuser passage.
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The impeller total-to-static pressure ratio is plotted in Figure 6-22 for 80% corrected design speed
(left) and for 100% corrected design speed (right). Steady air injection in the vaneless space also affects
the impeller performance and stability. With air injection the slope of the total-to-static pressure ratio
characteristic is less negative (more unstable) than with no injection and is zero for very low mass flows.
While for part and design speed the vaneless space and the semi-vaneless space are stable at the lowest
mass flow (see Figures 6-21 a) and b)) the impeller becomes the least stable component of the compression
system with injection (see Figure 6-22).
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Figure 6-22: Impeller total-to-static pressure ratio with no injection (circles) and with vaneless space injection (diamonds)
for 80% and 100% corrected design speed .
The same situation is observed from the unsteady Kulite signals during the stall ramps. Figure 6-23
depicts the pressure traces in the vaneless space 7 along the path into instability at 100% corrected design
speed. The backward traveling pre-stall mode with strong 4th harmonic content is more damped compared
to the pressure traces with no injection (see Figure 6-11). This is due to the stabilizing effect of air injection
on the semi-vaneless space. Up to 0 rotor revolutions the vaneless space Kulites show relatively little activity
prior to surge8 .
The impeller Kulite signals 9 and the spectrograms of the first five harmonics are plotted in Figure 6-24.
Spatially uniform (0th harmonic) low amplitude pressure oscillations at very low frequency are observed
upstream of the impeller. At about 100 rotor revolutions prior to surge a short pressure pulse of low
7 Vaneless space Kulites no. 5 and 8 were faulty during this measurement and are not shown.
8 The same behavior is observed at 80% corrected design speed and is shown in Section 5.7 in Figure 5-25 a).
9 Impeller inlet Kulite no. 8 was faulty during this measurement and is not shown.
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Figure 6-23: Pressure traces in the vaneless space during a stall ramp with air injection in the
corrected design speed.
vaneless space at 100%
amplitude indicates that surge is approached. Comparing these Kulite signals and the corresponding power
spectra to the ones obtained with no injection (see Figure 6-10) pre-stall activity is visible in the 0th
harmonic spectrogram. Also, the traveling energy traces of the modes at non-dimensional frequencies of
0.27, 0.55 and 0.8 are damped out with injection. Pre-stall activity is still observed at a non-dimensional
frequency of 1.2 which conjectures that this mode is a higher order impeller mode.
In summary, it appears that the effect of injection is to extend the flow range over which the vaneless
space and the semi-vaneless space are stable (i.e. have negative pressure rise slopes), at the expense of a
less stable impeller. Because the mode responsible for surge inception is concentrated (higher amplitude)
in the former regions, stabilizing these components has a beneficial effect on overall system stability. In
other words, the critical subcomponent is stabilized by properly designed air injection. Further details on
the influence of air injection in the vaneless space are given in the next section.
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100% corrected design speed.
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6.7.1 Effects of Air Injection in the Vaneless Space on Impeller and Diffuser
Performance
Air injection in the vaneless space alters both the impeller and the vaned diffuser performance and is
analyzed in more detail in this section. The flow at the exit of the impeller in centrifugal compressors is
non-uniform and 3-dimensional and is often referred to as the jet-wake. Laser anemometer measurements
and CFD calculations for this impeller (Skoch et al. [75] and Larosiliere et al. [47]) have shown that, at
design conditions, the wake is located near the shroud on the blade suction side. This means that, on
time-average, the relative velocity at the exit of the impeller is higher near the hub (jet) and lower near
the shroud (wake). Considering the velocity triangles at the impeller leading edge the absolute velocity has
a higher swirl angle near the shroud as the flow enters the vaneless space. This situation is sketched in
Figure 6-25 (the vaneless space is not to scale) showing the velocity triangle near the shroud (solid) and
near the hub (dash). It was found in centrifugal compressors with vaned diffusers that the span-wise (axial)
---- 
"Air Jet" y '
.T0
"S.
Impeller
Figure 6-25: Velocity triangles at the impeller exit near the diffuser shroud (solid) and near the diffuser hub (dash). The
air jet from the tangential injector nozzle is sketched as the dotted line. The vaneless space is not to scale.
variation of the flow properties at the impeller exit, especially the swirl angle, exert a more significant
influence on the diffuser performance than does the unsteady, circumferential variation of the flow (Senoo
et al. [73] and Dawes [14]). Due to the area ratio effect (see Figure 6-19), the different swirl angles near the
hub and near the shroud influence the diffusion in the vaneless and semi-vaneless space.
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To elucidate this behavior, the performance of the impeller and the sub-components of the diffuser are
analyzed for no injection and for injected mass flows of 0.8% and 1.6% of the compressor design mass flow
at 100% corrected design speed. Figure 6-26 depicts the impeller total-to-static pressure ratio (left) and
the static pressure rise in the vaneless space, in the semi-vaneless space and in the diffuser passage at the
hub (center) and at the shroud (right). The static pressure rise of the diffuser sub-components is obtained
from the static taps at the hub and at the shroud. The performance with no injection is marked with white
symbols and the performance with injection of 0.8% and 1.6% of compressor design mass flow is marked
with grey and black symbols respectively.
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Figure 6-26: Impeller total-to-static pressure ratio (left) and diffuser sub-component pressure rise at the hub (center) and
at the shroud (right) for no injection (white symbols) and injected mass flows of 0.8% (grey symbols) and
1.6% of compressor design mass flow (black symbols) at 100% corrected design speed.
(1) No injection (white symbols): the impeller total-to-static pressure ratio characteristic has a
negative slope and is dynamically stable over the entire flow range. The static pressure rise in the semi-
vaneless space is slightly higher near the shroud than near the hub. Near the shroud the swirl angle is
higher (see Figure 6-25) and therefore the geometric inlet area is smaller than near the hub, which increases
the diffusion between inlet and throat (see Figure 6-19). As a consequence of the higher adverse pressure
gradient in the shroud region the blockage near the throat is increased and the diffuser passage static
pressure rise decreases more compared to the hub region. The slopes of the vaneless space characteristic
(white circles) and the semi-vaneless space characteristic (white squares) at the shroud become zero and
positive respectively for very low mass flows while at the hub, the slope is still negative. On average (between
hub and shroud) the slope is about zero near surge. Because of the high amplitude of the incompressible
mode in the vaneless and semi-vaneless space, these diffuser sub-components determine the point of dynamic
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instability of the compression system.
(2) 0.8% and 1.6% injection (grey and black symbols): the Coanda type injectors inject air at the
shroud tangentially into the vaneless space as shown in Figure 6-25 and the effect on the velocity triangles
is as follows. Near the shroud the swirl angle of the absolute velocity in the vaneless space is increased due
to the additional tangential velocity component of the air jet. Because of the area ratio effect, the diffusion
in the vaneless and the semi-vanless space is increased near the shroud. This is observed in Figure 6-26: the
pressure rise in the vaneless and semi-vaneless space increases with injected mass flow (right plot) and as a
consequence the diffuser passage pressure rise drops. The hub characteristics however overlap for the three
different injector mass flows (center plot). Tangential air injection at the shroud has a stabilizing effect on
the vaneless and the semi-vaneless space as seen by the slopes of the characteristics (grey circles and grey
squares) near the shroud.
Due to the added injector mass flow in the vaneless space the mass flow through the impeller decreases
and the impeller loading rises. This yields a higher impeller pressure ratio as shown in Figure 6-26 on the
left. Also, the additional tangential velocity component from the air jet at the exit of the impeller reduces
the relative exit swirl angle. This reduces the negative slope of the impeller characteristic1 0 . As observed in
Figure 6-26 on the left, for higher injection mass flows the impeller characteristic flattens out earlier and the
impeller is less stable. At the lowest mass flows the slope is zero (diamonds and squares) and the impeller
limits the dynamic stability of the compression system.
Hot vs. cold supply air: as discussed earlier the high pressure air supplying the injectors is relatively
cold to the compressor air in the vaneless space. Let us suppose that high pressure air is recirculated from a
location downstream of the diffuser and supplied to the injectors. Assuming the same Mach number of the
air jet, the injected mass flow necessary to stabilize the machine would then be higher due to the increased
temperature of the supply air. The injector mass flow necessary to stabilize the machine is estimated to be
20% higher with hot supply air than with cold air at 100% design speed. Referring back to Figure 6-20 the
necessary injection mass flow then becomes 0.6% of the compressor design mass flow.
6.8 Steady Air Injection Results With Diffuser Passage and Dif-
fuser Vane Nozzles
6.8.1 Diffuser Passage Nozzles
The above results show that to enhance stability of the compression system the semi-vaneless space needs
to be stabilized. This can be achieved by injecting air in the vaneless space. However using the diffuser
passage nozzle configuration air is injected near the diffuser throat and is directed down the passage (see
ioUsing Euler's equation for turbomachinery the isentropic total pressure rise can be written as OJ = 1 + (tan 12 - tan ai)-V.
and therefore the slope becomes O = tan #2 - tan a1.a W.
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Figure 6-4). From this actuator the semi-vaneless space dynamics cannot be altered and it is expected that
this injector configuration will have no enhancing effect on compression system stability. Note also that
with the diffuser passage configuration only 8 of 24 passages are affected by air injection.
Experimental results using the diffuser passage nozzles are presented next. The same experiments were
conducted as with the vaneless space nozzles. The diffuser passage nozzles showed no enhancement in
compressor stability. At 80% corrected design speed the machine surged at higher mass flows. For injection
levels of 0.58% and 1.41% of compressor design mass flow, the surge-margin was reduced by 14% and by 18%
respectively. At 100% corrected design speed, injection levels of 0.68% and 1.58% reduced the surge-margin
by 5% and 14% respectively. Figure 6-27 depicts the static pressure rise of the diffuser sub-components at
the hub and at the shroud for 100% corrected design speed with no injection (white) and with injection
of 0.68% of the compressor design mass flow (grey). Since the diffuser channel instrumented with static
pressure taps was the channel adjacent to the one impacted by the air jet, definitive results of the diffuser
performance with these nozzles cannot be given. As expected, air injection with the passage nozzles seems to
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Figure 6-27: Diffuser sub-component pressure rise at the hub (left) and at the shroud (right) for no injection (white) and
an injected mass flow of 0.68% (grey) with diffuser passage nozzles at 100% corrected design speed.
have an impact on the diffuser passage pressure rise near the shroud but it does not enhance the stability of
the semi-vaneless space. The semi-vaneless space characteristic at the shroud flattens out earlier than with
no injection and the slope becomes positive. At the hub the slope of the semi-vaneless space characteristic
is negative for the lowest mass flows. On average (between hub and shroud) this slope becomes zero and
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the point of instability is reached at about the same mass flow as with no injection.
6.8.2 Diffuser Vane Nozzles
The injectors of the diffuser vane nozzle configuration are placed just upstream of the diffuser vane leading
edge. The jet bisects the diffuser vane and the half of the jet on the pressure side of the diffuser vane is
directed down the diffuser passage (as with the passage nozzle). The other half of the jet is injected along
the suction side of the diffuser vane (see Figure 6-4). Because the jet on the suction side is narrow (about
half the nozzle exit area) and because it stays attached to the diffuser vane, this configuration is expected
to have only a small effect on the diffusion in the semi-vaneless space (see area ratio effect in Figure 6-19).
With the diffuser vane nozzle configuration, 16 of 24 passages are affected by air injection.
Experiments were then conducted with the diffuser vane injectors. At 80% corrected design speed no
stability enhancement was achieved. At an injection level of 0.62% of the compressor design mass flow
the machine surged at the same mass flow as with no injection. Using a higher injection level of 1.43%
the surge-margin was reduced by 25%. At 100% corrected design speed a small stability enhancement was
obtained using an injection level of 0.72%. The surge-margin was increased by 10%. A higher injection level
of 1.67% had an adverse effect and reduced the surge-margin by 3%. Figure 6-28 shows the performance
of the diffuser sub-components for an injection level of 0.72% of the compressor design mass flow at 100%
corrected design speed. Since the diffuser channel instrumented with static pressure taps was the channel
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Figure 6-28: Diffuser sub-component pressure rise at the hub (left) and at the shroud (right) for no injection (white) and
an injected mass flow of 0.72% (grey) with diffuser vane nozzles at 100% corrected design speed.
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affected by half of the air jet only (on the suction side of the diffuser vane), definitive results of the diffuser
performance cannot be given. The results are similar to the results obtained from measurements with the
diffuser passage nozzles. Again the passage pressure rise at the shroud is significantly altered by the jet.
The effect of the suction side jet is hardly felt in the semi-vaneless space and the slope of the semi-vaneless
pressure rise characteristic is about zero for the lowest mass flows. The machine surges at a slightly lower
mass flow which increases the surge-margin by 10%.
The results obtained with the diffuser passage nozzles and the diffuser vane nozzles are summarized
in Figure 6-32 and are compared to the vaneless space nozzles and the impeller inlet nozzles, which are
presented next.
6.9 Steady Air Injection Results With Impeller Inlet Nozzles
After all testing was completed with the diffuser injection schemes the test rig was modified and reassembled
with the impeller injectors. The Coanda type injector nozzles inject air into the impeller tip region at 150
from the axial against the direction of rotation. The same set of experiments was conducted as with the
diffuser injection scheme. To find the optimal level of air injection a series of stall ramps was conducted
at 80% and 100% corrected design speed with different amounts of injected mass flow. First, the level of
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Figure 6-29: Speedlines at 80% and at 100% corrected design speed with no injection (circles) and using impeller inlet
injection (squares) with choked nozzles (1.43% injection mass flow at part speed and 1.53% injection mass
flow at design speed).
injection was chosen such that the injector nozzles were unchoked. For both part and design speed only a
218
--- Working Line
--- Surge Line No Injection
Surge Line With Choked
Impeller Injectors
ASM: 32%
small degree of stability enhancement was achieved. Then tests were conducted with higher injector supply
pressures such that the injectors were choked and the pressure at the nozzle exit was increased. The result
was that the surge-margin increased with injection mass flow, but only due to the effect of additional nozzle
exit pressure. Similar observations were made in axial compressors by Suder et al. [86] where, with choked
injectors, the compressor surge-margin could be increased at will.
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Figure 6-30: Impeller total-to-static pressure ratio with no injection (circles) and with impeller inlet injection (diamonds:
unchoked nozzles, squares: choked nozzles) for 80% and 100% corrected design speed.
Figure 6-30 depicts the impeller total-to-static pressure ratio at 80% and at 100% corrected design speed
for no injection (circles) and for impeller injection with unchoked (diamonds) and choked nozzles (squares).
The corresponding overall diffuser performance and the static pressure rise of the diffuser sub-components
is shown in Figures 6-31 a) and b) for part and design speed and the different injection levels.
At 80% corrected design speed the surge-margin is increased only by 4% when the injection level is
set to 0.55% (unchoked nozzles). As shown in Figure 6-31 a) the performance of the diffuser and its sub-
components is unchanged at this injection level and the increase in surge margin is mainly due to the
increased pressure rise of the impeller (see diamonds in Figure 6-30 on the left). At very low mass flows the
slope of the impeller characteristic becomes zero and the machine surges. When the nozzles are choked and
the level of injection is increased to a mass flow of 1.43% of the compressor design mass flow a 32% increase
in surge-margin is obtained as shown in Figure 6-29. As mentioned this stability enhancement is due to the
effect of the increased pressure at the nozzle exit: note the significant increase in impeller pressure rise in
Figure 6-30 on the left (squares).
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Figure 6-31: Impeller inlet injectors: overall diffuser performance at a) 80% corrected design speed, and b) 100% corrected
design speed and static pressure rise of its sub-components such as vaneless space, semi-vaneless space and
diffuser passage with no injection (circles) and with impeller inlet injection (diamonds: unchoked nozzles,
squares: choked nozzles).
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Close to surge the diffuser is already unstable as indicated by the positive slopes of the overall diffuser
and the semi-vaneless space static pressure rise characteristics. The unstable behavior of the diffuser can also
be observed in the very large amplitude of the fundamental backward traveling system mode with strong 4th
harmonic content as shown in Section 5.7 in Figure 5-25 b). Due to the high pressure level at the nozzle exit
(choked flow with increased supply pressure) the impeller performance is altered such that the compression
system is kept stable even when the diffuser is unstable. However the achieved stability enhancement with
choked impeller nozzles is inefficient. For the same increase in surge margin, the required supply pressure
is higher and the injector mass flow is much larger than in the vaneless space nozzle configuration. In other
words to achieve a significant benefit in compression system stability, a very large energy input must be
paid if the impeller injector configuration is used.
The measurements at 100% corrected design speed reveal similar results. At an injection level of 0.57%
of the compressor design mass flow (unchoked nozzles), a stability enhancement of 8% increase in surge-
margin is obtained. Choking the nozzles and raising the level of injection to 1.53% of the compressor design
mass flow yields a stability benefit of 17% additional surge-margin as shown in Figure 6-29. The mass flow
at surge is about the same as with no injection and this increase in surge-margin is mainly due to the higher
pressure rise across the impeller (see Figure 6-30). The slope of the impeller total-to-static pressure ratio
characteristic is still negative near surge and it is the diffuser that loses stability at very low mass flows: in
Figure 6-31 b) the overall diffuser characteristic has a positive slope for the last few points prior to surge.
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Figure 6-32: Summary of stability enhancement at 80% and at 100% corrected design speed using the vaneless space
nozzle configuration (diamonds), the diffuser vane (circles) and the diffuser passage nozzle configuration
(triangles) and the impeller inlet nozzle configuration (squares).
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In summary, the impeller inlet injectors were not as effective as the vaneless space nozzles. Only when
the injector nozzles were choked and the injector pressure was high enough to further increase the injector
momentum, the impeller performance was altered and stability of the compression system was enhanced.
Figure 6-32 summarizes the stability enhancement results from all four injection configurations (only results
with unchoked nozzles are shown). The vaneless space nozzles are the most effective ones, increasing the
surge-margin by 23% at part speed and by 27% at design speed while requiring only 0.5% of the compressor
design mass flow to be injected.
6.10 Viability Assessment of Vaneless Space Injection in Working
Engine Environments
To assess the viability of compressor stability enhancement with vaneless space air injection in a working
engine environment, an additional series of experiments was conducted. As discussed in Chapters 3 and 4,
blade tip-clearance effects can strongly influence the compressor performance and stability. Therefore the
impeller exit tip-clearance was increased to test if vaneless space air injection was still able to enhance the
stability of the compression system. Also, as the results from the previous sections show, only a small fraction
of the compressor design mass flow is needed for a significant increase in surge-margin. Having in mind
that less parts count and minor changes to existing hardware make the implementation of vaneless space
injection attractive for engine applications, a parametric study was conducted with a reduced number of
injectors. In addition, the question was raised if the vaneless space injection scheme is robust to compressor
operation in fully developed surge. In other words, can stable operation be recovered if the machine is
already in fully developed surge? These aspects are analyzed and discussed in the following sections.
6.10.1 Stability Enhancement with Increased Impeller Tip-Clearance
Using the high-precision translator system, described in Section 6.4.3, the axial blade tip-clearance at
the impeller exit was increased from the design value ("hot" running condition) of 2.4% to 3.6% of the
passage height. First the baseline compressor performance with increased tip-clearances was mapped with
no injection. The compressor performance deteriorated, reducing the total pressure rise of the machine.
At 80% corrected design speed the machine surged at the same mass flow as with the design tip-clearance
and the surge-margin decreased by 4%. At 100% corrected design speed, however, the mass flow at surge
was reduced. Even though the pressure rise dropped due to the higher tip-clearance, the surge-margin was
slightly increased by 7% due to the lower surging mass flow. This is shown in Figure 6-33 as the solid and
the shaded diamonds at zero injected mass flow. With the increased blade tip-clearance a series of stall
ramps were then conducted at 80% and 100% corrected design speed using different levels of injection. The
experiments revealed that air injection in the vaneless space significantly enhanced the compression system
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Figure 6-33: Effect of impeller exit tip-clearance on surge-margin and on stability enhancement at 80% and at 100%
corrected design speed with vaneless space injectors. Design tip-clearance (2.4% of passage height) is marked
with circles and solid lines, increased tip-clearance (3.6% of passage height) is marked with diamonds and
dashed lines.
stability even with an increased impeller exit tip-clearance. The surge-margin was increased at part speed
by 16% and at design speed by 13% relative to the nominal surge-margin with increased tip-clearance. The
best injector mass flows tested were 0.44% and 0.68% of the compressor design mass flow at 80% and at
100% corrected design speed respectively. The surge-margin enhancement with increased tip-clearance is
also plotted in Figure 6-33 (diamonds and dashed lines) together with the results obtained in Section 6.7
at design conditions (circles and solid lines). The summary shows the same trend in stability enhancement
as the injector mass flow is increasing. The only exception is that a higher injector mass flow is required at
100% corrected design speed to stabilize the compression system with increased tip-clearance. In general the
air injection scheme is less effective when the tip-clearance is increased but a stability enhancement on the
order of 15% in surge-margin is still achieved. The loss in surge-margin due to the change in tip-clearance
is more than recovered at design conditions.
6.10.2 Stability Enhancement with Reduced Number of Vaneless Space Air
Injectors
A series of experiments was conducted with a rud i number of injectors in the vaneless space to investigate
their effectiveness. First, 2 injectors were physically shut off so that no flow leaked through the actuators.
Injectors no. 1 and 5 were chosen such that the remaining 6 injectors were as uniformly spaced as possible
(see Figure 6-34). The injection level for best stability enhancement was then determined from stall ramp
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experiments. Then injectors no. 2, 4, 6 and 8, were shut off and the total number of injectors was reduced
to 4. In a last experiment the 4 injectors on the lower half of the circumference were shut off so that an
asymmetric distribution of the remaining 4 injectors was obtained (see Figure 6-33).
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Figure 6-34: Summary of stability enhancement at 80% and at 100% corrected design speed using all 8 (diamonds) and a
reduced number of vaneless space injectors: 6 injectors (squares), 4 injectors (circles) and 4 asymmetrically
arranged injectors (triangles).
The results obtained from the experiments with reduced numbers of injectors are summarized in Figure 6-
34. The full configuration with 8 injectors is marked with the diamonds. The increase in surge-margin (see
Section 6.7) of 23% at 80% corrected design speed and 27% at 100% corrected design speed are plotted as
the shaded and the solid diamonds respectively. Results from the 6 injector configuration are marked as
squares. An increase in surge-margin of 16% at part speed (shaded square) and of 21% at design speed
(solid square) was achieved with injection levels of 0.4% and 0.45% of the compressor design mass flow.
The 4-injector configuration with a symmetric spacing between the actuators is shown as the circles. At
100% corrected design speed a remarkable increase in surge-margin of 13% percent was achieved with an
injection mass flow of 0.35% of the compressor design mass flow (solid circle). This injection scheme was
less efficient at 80% corrected design speed and a stability enhancement of 5% in surge-margin was obtained
at an injection level of 0.3%. Last, the measurements with the asymmetric 4 injector configuration showed
no enhancement in stability at all and the results are plotted as the triangles.
Since the optimal injection mass flow varied for the different configurations, the injector velocity and
momentum varied as well. Table 6.3 summarizes the different cases. The following can be concluded from the
results. (1) A circumferentially uniform spacing between the injectors is crucial for stability enhancement.
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80% Corrected Design Speed
No. of Injectors 8 6* 4
A/A 8  1 3/4 1/2
rn/rn8  1 0.874 0.666
Ma/Ma8  1 - 1.284
(ni - V)/( - V) 8 1 - 0.868
100% Corrected Design Speed
No. of Injectors 8 6* 4
A/A 8  1 3/4 1/2
rn/rn8  1 0.883 0.675
Ma/Ma8  1 - 1.333
(rh - V)/(h - V) 8 1 - 0.914
Table 6.3: Normalized injector area, mass flow, Mach number and momentum for experiments with reduced number of
injectors at 80% corrected design speed (left) and at 100% corrected design speed (right). *: for the 6 injector
configuration the instrumented injector was shut off, and the mass flow could only be estimated from the mass
flow measurement upstream of the supply torus.
This is different from the observations by Suder et al. [86] in axial compressors, who found that range
extension is related to the total circumferential extent of injection but is not related to the circumferential
arrangement of injection locations. The reason for the different findings lies in the nature of injection and
its effect on the compressor dynamics: in the axial compressor experiments by Suder et al. air was injected
upstream of the compressor into a rotating blade row, whereas in this case injection occurs in the vaneless
space between blade rows upstream of a stationary blade row. (2) The increase in surge-margin rises with
an increased number of injectors. Therefore an increased circumferential coverage improves the effect of
tangential air injection in the vaneless space, and as observed from Table 6.3, the injector velocity decreases
with the number of injectors. This is because injection in the vaneless space has also an influence on the
impeller: reducing backsweep of the impeller exit flow lessens impeller stability. A minimum of 4 injectors
is required for a benefit in surge-margin.
6.10.3 Recovery From Fully Developed Surge With Air Injection
To demonstrate that stable operation can be recovered if the machine is already in fully developed surge,
the following experiment was conducted with all of the vaneless space nozzles. The injectors were turned
on to the optimal level of injection of 0.5% of the compressor design mass flow. The compressor was then
throttled to an operating point where the machine usually surges with no injection. Injection was then
turned off and the machine surged. After a few surge cycles the injection air was turned on again and the
compression system recovered from fully developed surge without adjustment of the throttle. This situation
is shown in Figure 6-35 for 80% corrected design speed. One of the impeller inlet Kulite signals is plotted
during this experiment. At point A air injection is turned off and the compression system transitions into
surge. After 7 surge cycles at point B air injection is turned on again and the stable operation of the
compressor is recovered. A closer view of the transient into and out of surge is also plotted in Figure 6-35.
The transient out of surge shows that the pressure perturbations decay due to the stabilizing effect of air
injection.
The above results demonstrate that air injection in the vaneless space is viable for working engine appli-
cations. The injection scheme is robust to tip-clearance effects and has enough influence on the compressor
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eless space air injection at 80% corrected design speed and
dynamics to recover from fully developed surge. A reduced number of injectors still yields a significant
stability enhancement and makes the vaneless space injection scheme an attractive surge control device.
6.11 Summary and Conclusions
This chapter presents experiments on surge inception and stability enhancement with steady air injection in
the NASA CC3 high-speed centrifugal compressor. Two injection schemes have been investigated, diffuser
and impeller air injection. For diffuser injection, three different injector configurations have been tested:
vaneless space nozzles, diffuser vane nozzles and diffuser passage nozzles.
A first set of experiments were conducted with no injection to investigate the mechanism of surge
inception. Unsteady Kulite pressure measurements were obtained during stall ramps at 80% and at 100%
corrected design speed. The measurements show for both part and design speed that a fundamental,
incompressible system mode , strongest in the 4th spatial harmonic, rotates at about a quarter of rotor
speed against the direction of rotation. It is conjectured from the spectral analysis of the Kulite signals that
multiple acoustic-like modes are also present due to the compressible flow regime of the centrifugal machine.
To verify this hypothesis forced response experiments need to be conducted to identify all compression
system modes. The fundamental system mode is most pronounced near the diffuser throat and originates
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from the unsteady interaction between the impeller and the diffuser. The pre-stall waves in the vaneless space
are of large amplitude (about 10 times the inlet dynamic pressure) so that non-linearities of the compressor
characteristic are perceived and coupling between the spatial harmonics is introduced. Relatively strong
coupling is observed between the 0th and the 4th spatial harmonic, meaning that the mode shape of the
fundamental incompressible-like mode is not a purely four-lobed sinusoid but has also a Oth harmonic or
surge-like content. This may be due to a lightly damped surge mode which is susceptible to the system
non-linearities. Along the path into instability the incompressible mode grows gradually in magnitude and
coupling between the harmonics occurs probably due to the large amplitude oscillations. In addition to the
large amplitude 4th harmonic backward traveling waves a low frequency oscillation is superimposed and a
few rotor revolutions prior to surge the periodic fluctuations distort abruptly and the flow breaks down near
the diffuser throat. Once the system goes unstable, classic surge is observed. The steady state performance
with no injection is also measured. In agreement with the unsteady results, the analysis of the impeller
total-to-static pressure ratio and the diffuser static pressure rise characteristics reveal that the semi-vaneless
space is the component that determines overall compression system stability.
Then, injection experiments were conducted with the diffuser injection scheme. The vaneless space
nozzle configuration was tested first. With a steady injection mass flow of 0.5% of the compressor design
mass flow an increase in surge-margin of 23% at part speed and 27% at design speed was achieved. Air
injection in the tangential direction at the exit of the impeller influences the diffusion in the vaneless and
semi-vaneless space, enhancing the stability of this critical subcomponent. Vaneless space injection also
affects the impeller performance and destabilizes the impeller at high levels of injection by reducing the
backsweep of the flow at the impeller exit.
Next, the diffuser vane and diffuser passage nozzles were tested. In both cases injection mainly influences
the pressure rise of the diffuser passage and has very little effect on the semi-vaneless space dynamics. Thus
with the diffuser passage nozzle configuration no stability benefits were achieved. At design speed the
diffuser vane nozzles increased the surge-margin by 10%, whereas at part speed no stability enhancement
was achieved at all. Using higher injection levels on the order of 1.5% of the compressor design mass flow
the compression system was destabilized and the surge-margin was reduced.
The diffuser injection scheme was changed to the impeller injection scheme and tests with the impeller
inlet nozzles were conducted. The measurements showed that with unchoked nozzles the surge-margin
increased 4% at part speed and 8% at design speed. Since the diffuser limits the overall system stability
and injection with unchoked nozzles changed the impeller dynamics very little, the overall system dynamics
could not be efficiently stabilized. Choking the injectors and increasing the pressure at the nozzle exit had
a strong influence on the impeller dynamics and a system stability enhancement was achieved at the cost
of high injector supply pressure and mass flow.
Last, the viability of the vaneless space injectors in a working engine environment was assessed. It
was demonstrated that the injection scheme is robust to tip-clearance effects and has enough impact on
227
the compressor dynamics to recover from fully developed surge. In addition, vaneless space injection with
a reduced number of injectors was tested. Removing 2 of 8 injectors still achieved a significant stability
enhancement of 16% and 21% increase in surge-margin at part and design speed respectively. Using only 4
injectors resulted in a remarkable benefit in surge-margin of 13% at design speed.
In summary, the surge inception and surge control results presented in this chapter together with the
theory in Chapter 5 explain the mechanism of surge in a high-speed centrifugal compressor with a vaned
diffuser and demonstrate a significant stability enhancement using steady air injection in the vaneless space.
6.12 Future Work: Recommendations For Active Surge Control
Simple constant gain control schemes (Paduano et al. [60]) and robust control strategies (Weigl [95]) on
a harmonic by harmonic basis have been succesfully applied for active stall and surge control in low- and
high-speed axial compressors. Since in the CC3 high-speed centrifugal compressor the incompressible system
mode is most dominant in the 4th harmonic and only 8 actuators are implemented, a harmonic based control
scheme is not appropriate. Furthermore, strong coupling is observed between the harmonics and multiple
acoustic-like modes are present in the compressible pre-stall dynamics. This complicates the control law
design significantly ([81]).
An alternative strategy, commonly applied in acoustics for sound attenuation (Nelson and Elliott [58]),
is feedforward control. This strategy is attractive because it can be implemented for distributed systems
such as the pressure sensor and air injector arrays in the CC3 centrifugal compressor. First, single channel
feedforward control is introduced in the context of one-dimensional acoustic sound attenuation. This scheme
is then carried over and is implemented for surge control in the CC3 high-speed centrifugal compressor.
6.12.1 1-D Sound Attenuation Using Single Channel Feedforward Control
Consider a duct with two microphones and a loudspeaker as sketched in Figure 6-36 on the top. Noise
from a primary source enters the duct from the left. The detection sensor signal (left microphone) is fed
to a controller which drives the loudspeaker. The goal is to attenuate the noise at the second microphone
location. The block diagram of this physical system is shown at the bottom of Figure 6-36. The primary
noise n together with the corrupting noise v form the measured noise u at the detection sensor which is
the input to H. Note that H contains the effect of both the controller W and the acoustic feedback path
F. The closed loop measured noise e (microphone on the right) includes the open loop noise d = Pn to be
attenuated and the error path signal Cy. The controller and feedback path H and the error path C form a
purely feedforward problem. Since these system paths are assumed to be linear and time invariant, they can
be transposed with no effect on the error signal. This is shown in Figure 6-37 where the filtered reference
signal r is introduced. The system has a topology that is almost identical to a least squares estimation
problem. The design problem is now to determine the filter response H(s) which minimizes the mean square
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Figure 6-36: Sound attenuation in a pipe using single channel feedforward control: physical system (top) and block
diagram (bottom).
d
U r + e
C(s) H(s)
Figure 6-37: Simplification of block diagram in Figure 6-36 as a conventional least squares estimation problem.
value of the error signal e = d + H(s)r.
In practice effects such as measurement noise, the inversion of the responses of the transducers and
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analogue filters, and errors in the spectral estimation complicate the implementation of an optimal filter
which solve the classical least squares design problem. An alternative approach is to implement two filters
using feedback cancellation as shown in Figure 6-38. In this scheme (diagram on the left), the feedback in the
controller F(s) (an estimate of F(s)) is arranged to cancel out the feedback in the acoustic path F(s), so that
purely feedforward control methods can be applied. Rearranging the feedback path in the controller under
the assumptions made earlier and using FIR filters for W and V, an IIR filter scheme is obtained as shown
in Figure 6-38 on the right. The FIR filter coefficients can be found using standard frequency domain design
r + x + W
F
H
BR Filter
r + - X +
Figure 6-38: Feedback cancellation scheme (left) and IIR filter approach (right).
methods (see for example Wiener [99]). These methods however require the computation of the inverse of
the auto- and cross-correlation functions and significantly complicate their practical implementation. An
alternative way to find the coefficients of the FIR filters W and V is an adaptive-iterative method in the
time domain which is briefly outlined next.
LMS Algorithm for Adaptive Digital FIR Filter Design
Let us consider the general time domain estimation problem illustrated in Figure 6-39 on the left. The
FIR filter LMS adaptive FIR filter
d(n) + d(n)
r(n) - e(n) r(n) - e(n)
Figure 6-39: FIR filter design problem (left) and block diagram of a LMS adaptive FIR filter (right).
reference sequence r(n) is fed to an FIR digital filter with I coefficients hi, whose output is subtracted from
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a desired sequence, d(n), to form an error sequence, e(n) of the form
I-1
e(n) = d(n) - Zhi -r(n - i). (6.4)
i=O
The filter design problem is now to adjust each hi to best reduce the error sequence e(n), according to
some criterion. A common criterion is that each hi is adjusted to minimize the mean square error sequence
given by E{e2 (n)}. An important property of this error surface is that it is quadratic with a unique
global minimum. Thus simple gradient descent algorithms, as for example the method of steepest descent,
are guaranteed to converge towards the global minimum. Using the method of steepest descent the i-th
coefficient of the FIR filter can be written as
OE{e2 (n)}hi(new) = hi(old) - p- Oh , (6.5)(9 i hi=hi(old)
where p is a convergence coefficient. The problem with this procedure is that it is computationally intensive
because it involves a lengthy averaging process at each iteration step. Widrow and Hoff [98] realized that
an estimate of this true gradient given by differentiating the instantaneous squared error with respect to
the filter coefficients can be easily calculated for every new sample. This will adjust the coefficients in such
a way that the mean square error is reduced. This algorithm is known as the LMS algorithm and is written
as
hi(n + 1) = hi(n) + a e(n) -r(n - i) V i , (6.6)
where a is a convergence coefficient and hi(n) is the value of the i-th coefficient in the FIR filter at the n-th
sample time. The adaptive LMS algorithm is widely used in practice since it involves only few arithmetic
operations. The block diagram of such an adaptive digital filter is depicted in Figure 6-39 on the right.
Convergence properties of the LMS algorithm are discussed in detail by Haykin [33]. A simple rule of
thumb for the convergence of the LMS algorithm is that it will usually converge towards the Wiener solution
if a satisfies
0 < a < (6.7)
-I Efr2(n)}
where I is the number of adaptive filter coefficients and E{r 2 (n)} is the mean square value of the reference
sequence.
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6.12.2 A Feedforward Active Surge Control Scheme Using Adaptive Digital
FIR Filters
Using the above ideas and techniques a feedforward active surge control strategy was developed for the
NASA CC3 high-speed centrifugal compressor. Referring back to Figure 6-36 the microphones are replaced
by Kulite sensors in the vaneless space and the loudspeaker is replaced by an air-injector actuator. For each
of the eight actuators an adaptive feedforward controller can be implemented with the goal to cancel the
pre-stall waves as they pass by the actuators. This is sketched in Figure 6-40 for one of the 8 actuators
and a pair of adjacent Kulite sensors. Using the LMS algorithm adaptive digital FIR filters are designed
Jet Injector
Kulite Sensor (Moog Actuator) Kulite Sensor
C y
x + y e
W
C -00
Figure 6-40: Feedforward active surge control scheme using adaptive digital FIR filters for one actuator and a pair of
adjacent Kulite pressure sensors.
to command the actuator valve which modulates the level of air injection. In this scheme the error path C
is assumed to be known a priori. Its estimate O has to be determined off-line (either by means of forced
response system identification or by an analytical estimate of the dynamics between an actuator and its
adjacent Kulite sensor) and is incorporated in the control scheme. Since the reference signal is now the
signal x(n) produced directly from the Kulite sensor and the LMS update is based on r(n) = O - x(n) this
algorithm is called the filtered-x LMS algorithm (Eriksson et al. [21]). Similar to the block diagram in
Figure 6-37 the order of the blocks H and C is reversed to reduce the problem to a more standard form. In
this case however, where H(n) is changing with time (adaptive filter), such a reversal will produce an error
signal which is not equal to the true signal e(n), except in the case where the adaptation of the coefficients
of H(n) takes place on a time scale which is very slow compared to the response time of the error path. In
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this application however the error path dynamics are fast compared to the adaptation time because of the
small time delays between the actuators and the Kulite sensors so that the order of the blocks H and C
can be reversed.
The FIR filters W and V form a time varying IIR filter. The output of this IIR filter can be written in
terms of the FIR filter coefficients wi and vk as
I-1 K
y(n) = wi(n) -x(n - i) + Ev (n) - y(n - k), (6.8)
i=0 k=1
where I and K are the filter lengths. Note that the above controller is recursive. Using the reference inputs
r(n) = Ox(n) and s(n) = Ox(n) based on the estimate of the error path dynamics O the LMS filter updates
become
wi(n+1) = wi(n) + a, e(n) r(n- (6.9)
(10-17 + ||r|| )
Vk(n+1) = Vk(n) + av e(n) s(n-k)
(10-17 + IIs|| )
where a, and av are convergence coefficients and e(n) is the measured error signal obtained from the Kulite
sensor on the right in Figure 6-40. The scaling in the above equations is introduced for practical reasons and
allows the choice of the convergence coefficients to be independent of the amplitude of the Kulite signals.
The number of filter coefficients I and K are chosen such that half the filter length equals the time delay
between the sensor and the actuator.
This feedforward control scheme was implemented on a dSPACE DS1004 control computer which consists
of a TMS320C40 DSP board and a DEC Alpha main processor board, and the 'C' code of the above FIR
filters is given in Appendix B. However, as discussed earlier, active surge control experiments could not be
conducted due to the relatively large flow leakage of the Moog actuators.
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Chapter 7
Summary and Contributions of the
Thesis
7.1 Summary and Conclusions of the Projects
The summary and conclusions of the four projects, each composed in a chapter, are summarized. The
common basis for all projects is the approach to the problem: the analytical, dynamic system modeling of
axial and centrifugal compression systems.
Chapter 2 : Dynamic Compression System Modeling
In this chapter two types of models are introduced: Model I is based on a single semi-actuator disk approach
and Model II is developed using a multi-actuator disk approach rendering flexibility and efficient modeling
capability. Two numerical procedures were developed to solve for the system eigenvalues using Model II:
the contour plot method and the shot-gun method.
Model I features a single lumped disk representation of the compressor and is therefore limited to one
or multiple directly coupled actuator disks. The model can be expanded to include effects of air injection
and / or tip-clearance. The model can also be transformed into a set of state-space matrices in order to
apply classical linear control theory for active stall control purposes. The main advantage of Model I is its
compact form and its efficient solution procedures. The major disadvantage is that modifications to any
of the system components results in rewriting the model system equations. Hence Model I compromises
modeling flexibility for a compact form.
In Model II, a new modular approach, each system component model is cast into a so called transmission
matrix which can be linked to any other system component. This enables efficient and flexible modeling of
any kind of compression system. Modifications, additions and expansions to the model can be easily made.
System components such as axial ducts, radial spaces, axial rotor and stator blade rows, impeller blade rows
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and vaneless or vaned diffuser blade rows can be considered. The model is well suited for a dynamic system
stability analysis in the frequency domain. Mode shapes can easily be reconstructed from fundamental
component modes and system eigenvalues. Stacking all component models (transmission matrices) yields a
single system transmission matrix. Applying appropriate boundary conditions to this system transmission
matrix leads to a non-trivial dispersion problem which requires special numerical procedures.
Two solution methods have been developed to efficiently solve the dispersion problem. (1) The contour
plot method utilizes graphical means to determine the location of the system eigenvalues in the phase plane.
It is an efficient procedure to obtain a global view of the solution at moderate accuracy and is suitable in
situations when the range and number of eigenvalues is unknown. (2) The so called shot-gun method is
a highly efficient and accurate numerical method that iteratively finds the system eigenvalues. If multiple
eigenvalues need to be found in the phase plane, multiple shot-guns can be implemented with different
initial target points, each converging to a different eigenvalue. Compared to the contour plot method the
computation time of the shot-gun method is much less while yielding higher accuracy.
Chapter 3: Analysis of Aerodynamically Induced Whirling Forces in Axial Flow
Compressors
A new unsteady low order model to predict aerodynamically induced whirling forces in axial flow compressors
is presented in this chapter. The overall model consists of a tip-clearance induced distortion model and an
aerodynamically induced force model. The model computes destabilizing rotor forces due to non-uniform
tangential blade loading and non-uniform spool pressure loading effects for steadily deflected and whirling
shafts.
A test program on compressor whirl was initiated at GE Aircraft Engines and the model is implemented
for the GE Low Speed Research Compressor. The modeling results are compared to experimental data
obtained from tests on compressor whirl. A steady shaft offset of Ac = 0.7% tip-clearance over span is
considered first and the computed Alford 3 parameter is in good agreement with the experimental results.
In addition, a simple model from first principles is presented. This analytical approach introduces a simple
parameter denoted as the blade loading indicator which depends only on the stage geometry and the mean
flow coefficient. The blade loading indicator determines the direction of whirl tendency due to tangential
blade loading forces in both compressors and turbines.
Two important effects, which could not be evaluated in the experimental program and have not yet been
modeled in compressors are also addressed. (1) A spool loading parameter Ispooi, analogous to the Alford
# parameter, is introduced and predicts forward whirl for steady shaft offsets. The results show hat the
effect of spool pressure loading, which is due to the flow inertia in the blade passages lagging the clearance
distribution, contributes to the forces predicted by Alford. (2) Forced shaft whirl is simulated to assess the
effects of shaft motion on the destabilizing rotor forces. The O3 spooi parameter acts in the direction against
whirl and is of comparable magnitude to the Alford /. It opposes the effects of the Alford 3 for negative
236
whirl frequencies and low flow coefficients and for positive whirl frequencies and high flow coefficients. Also,
the frequency coincidence between shaft whirl and rotating stall suggests non-linear coupling effects between
the aerodynamics and the rotordynamics.
Chapter 4 : Tip-Clearance Actuation With Magnetic Bearings For High-Speed
Compressor Stall Control
This chapter presents a general design procedure to develop magnetic bearing servo-actuators for high-speed
compressor stall control. The design procedure is carried out in an example analysis for the NASA Glenn
high-speed single stage axial flow compressor and results specific to this compressor are reported.
The key analysis in the design process is the determination of the control authority of tip-clearance
actuation and the design requirements of the magnetic bearing. To assess the necessary control authority
a unique stochastic estimation and control analysis is presented and applied first to unsteady air-injection
actuation as a test case. The obtained results compare well to experimental data. The magnetic bearing
servo-actuator design requirements are determined next by combining the stochastic estimation and control
approach with a preliminary rotordynamic analysis and the dynamic compressor Model I with tip-clearance
sensitivity. Model I utilizes both CFD and experimental data. Although the results are for a specific
experimental rig, they indicate that in general the concept of rotating stall control with tip-clearance
actuation requires a magnetic bearing servo-actuator design with state of the art performance and very
high dynamic load capacities (i.e. magnetic bearing forces 15 times larger than the load capacities of
comparable levitation devices).
A detailed electro-magnetic and mechanical analysis of the magnetic bearing servo-actuator is conducted
([48]). The design fulfills the design requirements and yields a remarkably high dynamic force level and
bandwidth, both of which are necessary for this application due to the large mass and the high excitation
frequencies. The heat loss calculation reveals rather high values due to the special constraints and in
addition a cooling analysis is conducted. Active water, oil and air cooling are considered necessary to
provide sufficient cooling power. Stall control laws are then developed and the final magnetic bearing servo-
actuator design is implemented in a closed loop stall control simulation to determine the benefit in terms
of extension of stable compressor operating range. The simulation results yield a 2.3% reduction in stalling
mass flow which is comparable to results with unsteady air injection.
Chapter 5 : Analysis of Unsteady Impeller-Diffuser Interaction Effects on Com-
pressor Stability
Analysis and experiments on impeller-diffuser dynamics including a new signature of pre-stall waves is
presented in this chapter.
Three regimes of unsteady blade-row interaction have been identified for the unsteady blade-row in-
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teraction in an axial compression system, namely the strong, moderate and weak interaction regimes. A
new signature of pre-stall waves that travel against the direction of rotation has been found for compressor
configurations falling in the moderate interaction regime. From first principles it is found that the unsteady
blade-row interaction and coupling is driven by the resonant behavior of the rotor and the stator wave
systems. A coupling criterion has been presented which determines for which axial blade-row spacings and
swirl angles backward traveling pre-stall waves can occur.
The theory is applied to the unsteady behavior of the NASA CC3 high-speed centrifugal compressor.
Model II predicts diffuser modes with a harmonic number of 4 and higher to be unstable near the experi-
mentally determined stall point. The impeller-diffuser coupling is such that pre-stall waves with a harmonic
number of 3 and higher travel backward and that the vaneless space between impeller and diffuser is the
system component with the strongest pre-stall activity. Based on these predictions air injection nozzles are
designed for surge control experiments in the same compressor and the experimental results revealed a 4th
harmonic pre-stall mode traveling backward at a rotation rate of w = -0.24 with the strongest amplitude
near the diffuser throat. The measurements match the Model II predictions well and confirm the existence
of higher harmonic pre-stall waves that travel in the opposite direction of rotor rotation.
From the theory and the experimental results presented in this chapter implications are derived for
centrifugal compressor design, compression system stability and turbomachinery noise. The implications
suggest guidelines for the design of centrifugal compressors with enhanced stability. The importance of the
effects of unsteady blade-row interaction in fan stages and in between axial compressor modules is elucidated
regarding compressor stability and turbomachinery noise.
Chapter 6 : High-Speed Centrifugal Compressor Stability Enhancement Using
Diffuser Air Injection
Experiments on surge inception and stability enhancement with steady air injection in the NASA CC3 high-
speed centrifugal compressor are reported in this chapter. Two injection schemes have been investigated,
diffuser and impeller air injection. For diffuser injection, three different injector configurations have been
tested: the vaneless space nozzles, the diffuser vane nozzles and the diffuser passage nozzles.
First the mechanism of surge inception is investigated. Measurements with no injection show for both
part and design speed that a fundamental, incompressible system mode, strongest in the 4th spatial har-
monic, rotates at about a quarter of rotor speed against the direction of rotation. It is conjectured from
the spectral analysis of the Kulite signals that multiple acoustic-like modes are also present due to the
compressible flow regime of the centrifugal machine. To verify this hypothesis forced response experiments
need to be conducted to identify all compression system modes. The pre-stall waves in the vaneless space
are of large amplitude (about 10 times the inlet dynamic pressure) so that non-linearities of the compressor
characteristic are perceived and coupling between the spatial harmonics is introduced. Relatively strong
coupling is observed between the 0th and the 4th spatial harmonic. Along the path into instability the
238
incompressible mode grows gradually in magnitude and coupling between the harmonics occurs probably
due to the large amplitude oscillations. In addition to the large amplitude 4th harmonic backward traveling
waves a low frequency oscillation is superimposed and a few rotor revolutions prior to surge the periodic
fluctuations distort abruptly and the flow breaks down near the diffuser throat. Once unstable, classic
surge is observed. The steady state performance with no injection is also measured. In agreement with the
unsteady results the analysis of the impeller total-to-static pressure ratio and the diffuser static pressure
rise characteristics reveal that the semi-vaneless space is the component that determines overall compression
system stability.
Next injection experiments were conducted with the impeller and diffuser injection schemes. An extensive
testing of all configurations showed that the vaneless space nozzle configuration was the most effective
configuration and that the impeller inlet, diffuser vane and diffuser passage injection configurations did
not have a significant impact on the system stability. With a steady injection mass flow of 0.5% of the
compressor design mass flow an increase in surge-margin of 23% at part speed and 27% at design speed was
achieved. The effect of the vaneless space injectors on the system dynamic stability was then investigated.
Air injection in the tangential direction at the exit of the impeller influences the diffusion in the semi-
vaneless space, enhancing the stability of this critical subcomponent. Vaneless space injection also affects
the impeller performance and destabilizes the impeller at high levels of injection by reducing the backsweep
of the flow at the impeller exit.
A viability assessment of the vaneless space injectors in a working engine environment was then con-
ducted. It was demonstrated that the injection scheme is robust to tip-clearance effects and has enough
impact on the compressor dynamics to recover from fully developed surge. In addition, vaneless space injec-
tion with a reduced number of injectors was tested, showing that with 4 injectors (at part speed conditions)
and 6 injectors (at design speed conditions) an increase in surge-margin of 16% and 21% could be achieved.
7.2 Thesis Contributions
The contributions of this thesis can be summarized as follows:
1. Development of a new modular dynamic system model for axial and centrifugal compression systems
and demonstration of its applicability to a variety of turbomachinery related problems.
2. Resolution of whirl-instability issues concerning the direction and magnitude of rotor whirl-inducing
forces important in the design of modern axial-flow compressors. Additional insight into the effects
of forced rotor whirl.
3. Determination of a non-dimensional parameter predicting the direction of rotor whirl tendency in
both compressors and turbines due to tangential blade loading forces.
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4. Establishment of the feasibility of tip-clearance actuation with magnetic bearings for high-speed com-
pressor rotating stall control.
5. Demonstration of a design strategy setting a milestone in magnetic bearing development for aero-
engine applications.
6. Explanation of physical mechanism for blade-row interaction effects on axial and centrifugal compres-
sion system stability.
7. Determination of a coupling criterion predicting the coupling regime and the effects of blade-row
interaction on compression system stability.
8. Experimental validation of the predicted coupling effects on compressor stability.
9. Explanation of surge mechanism in a high-speed centrifugal compressor.
10. Model based design of a highly effective air injection scheme in the vaneless space of a high-speed
centrifugal compressor.
11. Experimental demonstration of stability enhancement in a high-speed centrifugal compressor using
steady air injection in the vaneless space.
240
Appendix A
Matlab Codes
This appendix presents the Matlab codes of the Model II transmission matrices and the numerical solution
procedures implemented for the NASA CC3 high-speed centrifugal compressor.
A.1 Transmission Matrix Tax,n
Transmission matrix for an axial duct given in Chapter 2 in Equation (2.48).
function A = Tn-ax(x,s,n,Cx,Cy)
% n-th harmonic transmission matrix
% for flow dynamics in an axial duct
% |dcxl |An|
% |dcyl = Tn-ax * |Bnl
% Idp I |CnI
% n
% by Z. Spakovszky, MIT-GTL, 11-10-99
%
A(1:3,1) = [1;
A(1:3,2) = [1;
A(1:3,3) = [1;
j; -s/n-Cx-j*Cy]*exp(n*x);
-j; s/n-Cx+j*Cy]*exp(-n*x);
-s*j/Cx/n + Cy/Cx; 0]*exp((-s/Cx-j*n*Cy/Cx)*x);
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A.2 Transmission Matrix Trad,n
Transmission matrix for a radial space given in Chapter 2 in Equation (2.64).
function A = Tn-rad(r,s,n,ro,Q,G)
% n-th harmonic transmission matrix
% for swirling flow dynamics in a radial space
% |dcr| |Dnj
" |dct| = Tn-rad * jEni
% |dp | IFnI
% n
% by Z. Spakovszky, MIT-GTL, 11-16-99
% get radial functions
y = rad-fun(r,s,n,rO,Q,G);
A(1,1:3) = [j*n*rA(n-1), j*n*r^A(-n-1), j*n/r*y(1)];
A(2,1:3) = [ -n*rA(n-1), n*rA(-n-1), -y(2)];
A(3,1) = (Q*(nA2-n)*rA(n-2) + (j*n*(G/r + s/j/n*r) + Q/r)*n*rA(n-1))/j/n;
A(3,2) = (Q*(nA2+n)*r^A(-n-2) - (j*n*(G/r + s/j/n*r) + Q/r)*n*rA(-n-1))/j/n;
A(3,3) = (Q*y(3) + (j*n*(G/r + s/j/n*r) + Q/r)*y(2))/j/n;
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A.3 Radial Functions
Radial functions and corresponding derivatives used in transmission matrix Trad,n.
function y = rad-fun(r,s,n,r,Q,G)
% integral of nth harmonic radial function and its derivatives
r
/
Rn = |exp(-inG/Q log(x)-s/2Q x^2) (r~n x^(-n+1) - r^-n x^(n+1))dx
% ro
%
% the integral is evaluated numerically
y(1) = Rn
y(2) = dRn/dr
y(3) = d2Rn/dr2
% by Z.Spakovszky, MIT-GTL, 11-24-99
%
%' double checked with Maple 11-26-99
%
% radial space definition
N = 100;
x = linspace(rO,r,N);
% function definition
fp = exp(-j*n*G/Q*log(x) -
fn = exp(-j*n*G/Q*log(x) -
% need 1000 for R1=1.5!
s/2/Q*x.A2) .*x.A(+n+l);
s/2/Q*x.A2).*x.A(-n+1);
% integrate using fancy indexing
Fp = sum((fp(1:length(x)-1) + fp(2:length(x)))/2.*(x(2:length(x)) ...
- x(l:length(x)-1)));
% integrate using fancy indexing
Fn = sum((fn(1:length(x)-l) + fn(2:length(x)))/2.*(x(2:length(x)) ...
- x(1:length(x)-1)));
% derivative of function
dfp = (-j*n*G/Q/r-r/Q*s)*fp(N) ...
+ (+n+l)*rA(+n)*exp(-j*n*G/Q*log(r) - s/2/Q*rA2);
dfn = (-j*n*G/Q/r-r/Q*s)*fn(N) ...
+ (-n+1)*rA(-n)*exp(-j*n*G/Q*log(r) - s/2/Q*rA2);
% outputs
y(1) = rAn*Fn - rA(-n)*Fp;
y(2) = n*rA(n-l)*Fn + rAn*fn(N) + n*rA(-n-l)*Fp - rA(-n)*fp(N);
y(3) = (nA2-n)*rA(+n-2)*Fn + 2*n*rA(+n-l)*fn(N) + rA(+n)*dfn ...
-(nA2+n)*rA(-n-2)*Fp + 2*n*rA(-n-1)*fp(N) - rA(-n)*dfp;
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4
%
%
%4
%
%4
%4
%4
4
%'
A.4 Model II of NASA CC3 Compressor: Main Routine Using
Shot-Gun Method
% cc3_shotgun.m
%
% main code to stack transmission matrices
% according to boundary, inlet and exit
% conditions
% eigenvalues are determined using shot-gun method
% Model II implemented for NASA CC3 Centrifugal
% Compressor
% by Z.Spakovszky, MIT-GTL, 11-1-99
% updated, 1-10-99
% updated, 1-28-99
% updated, 7-13-00
close all
clear all
clc
%'---------------------------------------------------------------------------
% select operating point
%'---------------------------------------------------------------------------
% throttle coefficient
kT = 166; % stall point experiment kT=166
%-----------------------------------------------------------------------
% mean flow calculation
4------------------------------------------------------------------------------------------
% load geometry and experimental data
cc3_geo
% compute mean flow
[Cxl, Cyl, Cr2, Ct2, Q, G2, G4, Cx6, Cy6, CxT, Timp, Tdif, dPtsdphi, dPi-dcr ...
dLi-dcr, dLd-dcr, dq_dcr, al, bl, a3, b3, dLi-dtb, dLd-dta] = cc3_mflow(kT);
drawnow
% loss time lags
T_dif = 1.0*Tdif;
T-imp = 1.0*Timp;
%------------------------------------------------------------------------------------------
% loop over harmonics
4------------------------------------------------------------------------------------------
% define harmonic spectrum
n_spec = 6;
n = 1;
tol = le-6;
% start clock
tic
while n<n-spec+1
disp('***------------------------------I)
disp(['*** harmonic n = ',num2str(n)])
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%-----------------------------------------------------------------------
% shot gun method
%-----------------------------------------------------------------------
% shot gun parameters
N = 30; % number of rounds
sm = 0.1; % maximum growth rate
am = 0.1; % maximum rotation rate
% initialize
SM = 0;
OM = 0;
% main loop
for k=1:N
% random seed
sig = SM - sm + 2*sm*rand(1,N+l-k);
ome = OM - am + 2*om*rand(1,N+1-k);
% inner loop
for l=1:N+1-k
s = sig(l) - j*ame(1);
4 ---------------------------------------------------
% transmission matrices
%-----------------------------------------------------------------------
% impeller-vaneless-space-diffuser actuator disks
4 ----------------------------------
% impeller
Bimp = [Rhol*Al/Rho2/A2, 0, 0; (Ct2-1)/Cr2*Rhol*Al/Rho2/A2, 0, 0;
- dLidtb*(-tan(bl))/Cx1/(l+(s+j*n)*T imp) - L12*(j*n + s)
+ (dPidcr - (Cr2 + (Ct2-1)/Cr2*Ct2))*Rho1*A1/Rho2/A2 + Cxl,
- dLi dtb/Cxl/(1+(s+j*n)*T-imp), 1];
% radial modes in vaneless space
Bvls = Tn-rad(R3,s,n,R2,Q,G2)*inv(Tnrad(R2,s,n,R2,Q,G2));
% diffuser
Bdif = [Rho2*A3/Rho4/A4, 0, 0; Cy6/Cx6*Rho2*A3/Rho4/A4, 0, 0; ...
- dcidcr*A3/A2 ...
- dLd-dta*(-tan(a3))/Q*R3/(1+s*Tdif) - L34*s + Q/R3,
- dLd-dta/Q*R3/(1+s*T-dif) + G2/R3, 1];
%6------------------------------------------------------------------------
% inlet and exit conditions
%--------------------------------------------------------------------
% upstream: infinite duct
IC = [0 1 0; 0 0 1];
% downstream: plenum at exit
EC = [(-s/n-Cx6-j*Cy6)*exp(n*x7), (s/n-Cx6+j*Cy6)*exp(-n*x7), 0];
%4------------------------------------------------
% stacking method
%6------------------------------------------------------------------------
% ax. Duct - Imp - Vls - Dif - ax. Duct
X = inv(Tnax(x6,s,n,Cx6,Cy6))*Bdif*Bvls*Bimp*Tn-ax(x,s,n,Cx,Cy);
Y = [EC*X;IC];
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% compute determinant
f(l) = det(Y);
end
% center of gravity
CGs = sum(sig.*abs(f).A(-2))/sum(abs(f).A(-2));
CGo = sum(ome.*abs(f) .A(-2))/sum(abs(f).A(-2));
% min error
[err,i] = min(abs(f));
% new domain
sm = 3*abs(CGs - sig(i));
om = 3*abs(CGo - ome(i));
SM = sig(i);
OM = ome(i);
F =f;
f = [];
end
disp('***')
disp(['*** error = ',num2str(abs(err))])
disp('***------------------------------')
if abs(err)<tol
EV(n) = sig + j*ome;
n = n + 1;
end
end
% stop clock
disp('***I)
disp(['*** time elapsed : ',num2str(toc/60),' min'])
figure(2)
plot (EV, '+')
xlabel('growth rate / rotor frequency')
ylabel('rotation rate / rotor frequency')
title('NASA CC3')
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A.5 Model II of NASA CC3 Compressor: Main Routine Using
Contour Plot Method
function [F,sig,omel = cc3_contour(n)
4
% cc3_contour.m
" main code to stack transmission matrices
% according to boundary, inlet and exit
% conditions
4
% eigenvalues are determined using contour plot method
% Model II implemented for NASA CC3 Centrifugal
% Compressor
% by Z.Spakovszky, MIT-GTL, 11-10-99
% updated, 1-10-00
% updated, 1-28-00
close all
clC
4-% ----------------------------------------------------------------------------------------
% select operating point
%------------------------------------------------------------------------------------------
% throttle coefficient
kT = 166; % stall point experiment kT=166
% ------------------------------------------------------------------------------------------
% mean flow calculation
%-----------------------------------------------------------------------
% load geometry
cc3_geo
% compute mean flow
[Cxl, Cyl, Cr2, Ct2, Q, G2, G4, Cx6, Cy6, CxT, Timp, Tdif, dPtsdphi, dPidcr ...
dLidcr, dLd-dcr, dqdcr, al, b1, a3, b3, dLidtb, dLd-dta] = cc3_mflow(kT);
drawnow
% loss time lags
T_dif = 1.0*Tdif;
T_imp = 1.0*Timp;
%-----------------------------------------------------------------------------------------
% matching conditions - main loop
%-----------------------------------------------------------------------------------------
% define spectrum of eigenfrequencies
sig = linspace(-3.5,0.5,50);
ome = linspace(-2.5,6,50);
% start clock
tic
% main loop
for k=1:length(sig)
for 1=1:length(ome)
disp('***')
disp(['*** computation step i = ',num2str(k),', j = ',
num2str(l),' out of ',num2str(length(sig)A2)])
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% eigenfrequency
s = sig(k) - j*ome(l);
% ---------------------------------------------------
% transmission matrices
% ---------------------------------------------------
if n>O
% impeller-vaneless-space-diffuser actuator disks
4 ----------------------------------
% impeller
Bimp = [Rhol*A1/Rho2/A2, 0, 0; (Ct2-1)/Cr2*Rhol*Al/Rho2/A2, 0, 0; ...
- dLidtb*(-tan(b1))/Cx1/(l+(s+j*n)*T-imp) - L12*(j*n + s) ...
+ (dPi dcr - (Cr2 + (Ct2-1)/Cr2*Ct2))*Rhol*Al/Rho2/A2 + Cxl,
- dLi dtb/Cxl/(1+(s+j*n)*Timp), 1];
% radial modes in vaneless space
Bvls = Tn-rad(R3,s,n,R2,Q,G2)*inv(Tn-rad(R2,s,n,R2,Q,G2));
% diffuser
Bdif = [Rho2*A3/Rho4/A4, 0, 0; Cy6/Cx6*Rho2*A3/Rho4/A4, 0, 0; ...
- dq-dcr*A3/A2 ...
- dLddta*(-tan(a3))/Q*R3/(1+s*T-dif) - L34*s + Q/R3,
- dLddta/Q*R3/(1+s*T-dif) + G2/R3, 1];
%--------------------------------------------------------------------
% inlet and exit conditions
%--------------------------------------------------------------------
% upstream: infinite duct
IC = [0 1 0; 0 0 1];
% downstream: plenum at exit
EC = [(-s/n-Cx6-j*Cy6)*exp(n*x7), (s/n-Cx6+j*Cy6)*exp(-n*x7), 0];
%--------------------------------------------------------------------
% stacking method
%--------------------------------------------------------------------
% ax. Duct - Imp -Vls - Dif - ax. Duct
X = inv(Tn-ax(x6,s,n,Cx6,Cy6))*Bdif*Bvls*Bimp*Tn-ax(xl,s,n,Cxl,Cyl);
Y = [EC*X;IC];
% compute determinant
F(k,l) = det(Y);
else
disp('Oth harmonic not implemented ... ')
end
end
end
% stop clock
toc/60 % in minutes
% plot contours
%4-------------------------------------------------
fi = imag(F);
fr = real(F);
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% interpolate
am = linspace(min(ome),max(ome),200)'*ones(1,200);
si = linspace(min(sig),max(sig),200)'*ones(1,200);
fI = interp2(sig,ome,fi,si',om,'*cubic');
fR = interp2(sig,ome,fr,si',om,'*cubic');
% index : F(i,j) -- > i = omeR, j = omeI
figure(2)
contour(si(:,1),om(:,1),fR',[O 0],'r')
hold on
contour(si(:,1),om(:,l),fI',[O 0])
hold off
xlabel('growth rate / rotor frequency')
ylabel('rotation rate / rotor frequency')
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Appendix B
Adaptive Digital FIR Filter
This appendix presents the 'C' code of a time varying adaptive FIR filter implemented on the dSPACE
DS1004 control computer.
/* File : afir.c
*
* Abstract:
*
* S-function for an adaptive, time varying FIR filter.
* LSM algorithm is used to determine filter coefficients.
* Function inputs are:
* input signal : u
* reference signal : r
* error signal : e
* Function parameters are:
* filter order : I
* convergence par. : a
*
* by Z. Spakovszky, MIT Gas Turbine Laboratory, 5-25-2000
*/
#define SFUNCTIONNAME afir
#define SFUNCTION_LEVEL 2
#include "simstruc .h"
#define U(element)
#define R(element)
#define E(element)
/* Parameter
#define J(S)
#define A(S)
(*uPtrs[element])
(*rPtrs[element])
(*ePtrs[element])
Definition */
ssGetSFcnParam(S, 0)
ssGetSFcnParam(S,1)
/*
/*
/*
pointer to PortO */
pointer to Port1 */
pointer to Port2 */
/* filter order */
/* convergence parameter */
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/* Function: mdlInitializeSizes ===============================================
* Abstract:
* Setup sizes of the various vectors.
*/
static void mdlInitializeSizes(SimStruct *S)
int_T Ns;
Ns = 3*mxGetPr(J(S))[0] - 2;
ssSetNumSFcnParams(S, 2);
if (ssGetNumSFcnParams(S) != ssGetSFcnParamsCount(S)) {
return; /* Parameter mismatch will be reported by Simulink */
ssSetNumDiscStates(S, Ns);
if (!ssSetNumInputPorts(S, 3)) return;
ssSetInputPortWidth(S, 0, 1); /* input signal u */
ssSetInputPortWidth(S, 1, 1); /* ref signal r */
ssSetInputPortWidth(S, 2, 1); /* error signal e */
ssSetInputPortDirectFeedThrough(S, 0, 1);
if (!ssSetNumOutputPorts(S,1)) return;
ssSetOutputPortWidth(S, 0, 1);
ssSetNumSampleTimes (S, 1);
/* Take care when specifying exception free code - see sfuntmpl.doc */
ssSetOptions(S, SS_OPTIONEXCEPTIONFREE_CODE);
/* Function: mdlInitializeSampleTimes ===================
* Abstract:
* Specifiy that we inherit our sample time from the driving block.
*/
static void mdllnitializeSampleTimes(SimStruct *S)
ssSetSampleTime(S, 0, INHERITEDSAMPLETIME);
ssSetOffsetTime(S, 0, 0.0);
}
#define MDLINITIALIZECONDITIONS
/* Function: mdlInitializeConditions
* Abstract:
* Initialize all discrete states to zero.
*/
static void mdlInitializeConditions(SimStruct *S)
realT *x0 = ssGetRealDiscStates(S);
int_T lp;
int_T Ns;
Ns = 3*mxGetPr(J(S))[0]-2;
for (lp=0;lp<Ns;lp++) {
*xO++=0.0;
}
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/* Function: mdlOutputs
* Abstract:
* I-1
* y(n) = SUM w(i)(n)*u(n-i)
i
FIR filter
static void mdlOutputs(SimStruct *S, intT tid)
{
intT i;
InputRealPtrsType uPtrs
real_T *y
real_T *x
intT I;
= ssGetInputPortRealSignalPtrs(S,0);
= ssGetOutputPortRealSignal(S,0);
= ssGetRealDiscStates(S);
I = mxGetPr(J(S))[0];
*y= x[0]*U(0);
for (i=l;i<I;i++)
*y += x[i]*x[I-1+i];
#define MDLUPDATE
/* Function: mdlUpdate =========================
* Abstract:
*
* w(i)(n+l) = w(i)(n) - a*e(n)*r(n-i) for all i=O .. I-1
*
*/
static void mdlUpdate(SimStruct *S, intT tid)
{
int_T
int_T
real_T
real_T
real_T
InputRealPtrsType
InputRealPtrsType
InputRealPtrsType
I;
a;
xi = 0.0;
*x = ssGetRealDiscStates(S);
uPtrs = ssGetInputPortRealSignalPtrs(S,0);
rPtrs = ssGetInputPortRealSignalPtrs(S,1);
ePtrs = ssGetInputPortRealSignalPtrs(S,2);
I = mxGetPr(J(S))[0];
a = mxGetPr(A(S))[0];
/* update filter coefficients */
for (i=2*I-l;i<3*I-2;i++) {
xi += x[i]*x[i];
}
for (i=0;i<I;i++) {
x[i] -= a*E(0)*x[2*I-2+i]/(1.0e-17 + xi);
}
/* store current input and reference signals and shift old ones down
* work from bottom to top
*/
i=2*I-2;
while (i>I) {
x[i] = x[i-1];
i--;
}
x[I] =U()
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*
*/
i=3*I-3;
while (i>2*I-1) {
x[i] = x[i-1];
i--;
x[2*I-1] = R(0);
/* Function: mdlTerminate
* Abstract:
* No termination needed, but we are required to have this routine.
*/
static void mdlTerminate(Simstruct *S)
)
#ifdef MATLABMEXFILE
#include "simulink.c"
#else
#include "cgsfun.h"
#endif
/* Is this file being compiled as a MEX-file? */
/* MEX-file interface mechanism */
/* Code generation registration function */
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